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TRANSLATOR'S PREFACE. 

Lobatschewsky was the first man ever. to publish a 11011-

Euclidian geometry. 
Of the immortal essay now first appearing in English Gauss 

said, "the author has treated the matter with a master-hand 
and in the true geometer's spirit. I think I ought to call your 
attention to this book, whose perusal cannot fail to give you 
the most vivid pleasure." 

Clifford says, "It is quite simple, merely Eucli? without the 
vicious assumption, but the way things come out of one another 
is quite lovely." "What Vesalius was to Galen, what 
Copernicus was to Ptolemy, that was Lobatschewsky to 
Euclid." 

Says Sylvester: "In Quaternions the example has been 
given of Algebra released from the yoke of the commutative 
principle of multiplication-an emancipation somewhat akin to 
Lobatschewsky's of Geometry from Euclid's noted empirical 
axiom." 

Cayley says, "It is well known that Euclid's twelfth axiom, 
even in Playfair's form of it, has been considered as needing 
demonstration; and that Lobatschewsky constructed a perfect­
ly consistent theory, wherein this axiom was assumed not to 
hold good, or say a system of non-Euclidian plane geometry. 
There is a like system of non-Euclidian solid geometry." 

GEORGE BRl'CE H.\LSTEAD. 



THEORY OF PARALLELS. 

I n geometry I find certain imperfections which I hold to be 
the reason why this science, apart from transition into analytics, 
can as yet make no advance from that state in which it has 
come to us from Euclid. 

As belonging to these imperfections, I consider the obscuri­
ty in the fundamental concepts of the geometrical magnitudes 
and in the manner and method of representing the measuring 
of these magnitudes, and finally the momentous gap in the the­
ory of parallels, to fill which all efforts of mathematicians have 
been so far in vain. 

For this theory Legendre's endeavors have done nothing, 
since he was forced to leave the only rigid. way, to turn into a 
side path, and take refuge in auxiliary theorems which he il­

logically strove to exhibit as necessary axioms. My first essay 
on the foundations of geometry I published in the Kasan Mes­
senger for the year 1829. In the hope of having;atisfied all 
requirements, I undertook hereupon a treatment of the whole 
of this science, and published my work in separate parts in the 
"Gelehrten Sclzriften de,- Unizm'sitat Kasan" for the years 1836, 
r837, 1838, under the title "New Elements of Geometry, with 
a complete Theory of Parallels." The extent of this work per­
haps hindered my countrymen from following such a subject, 
which since Legendre had lost its interest. Yet am I of the 
opinion, that the Theory of Parallels should not lose its claim 
to the attentio~ of geometers, and therefore I aim to give here 
the substance of my investigations, remarking beforehand that 
contrary to the opinion of Legendre, all other imperfections, for 
example the definition of the straight line, show themselves for­
eign here and without any real int'luence on the theory of par­

allels. 
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In order not to fatigue my reader with the multitude of those 
theorems whose proofs present no difficulties, I prefix here only 
those of which a knowledge is necessary for what follows. 

1. A straight line fits upon itself in all its positions. By 
this I mean, that during the revolution of the surface containing 
it the straight line does not change its place if it goes through 
two unmoving points in the surface: (i. c. if we turn the sur­
face containing it about two points of the line, the line does not 

move.) 
2. Two straight lines cannot intersect in two points. 
3. A straight line sufficiently produced both ways must go 

out beyond all bounds, and in such way cuts a bounded plain 
into two parts. 

4. Two straight lines perpendicular to a third, never inter­
sect, how far soever they be produced . 

• 'l. A straight line always cuts another in going from one 
side of it over to the other side: (i. c. one straight line must 
cut another if it has points on both sides of it:) 

6. Vertical angles, where the sides of one are productions 
of the sides of the other, are equal. This holds of plane recti­
lineal angles among themselves, as also of plane surface angles, 
(i. £'. dihedral angles.) 

7. T\vo straight lines cannot intersect, if a third cuts thenl 
at the same angle. 

S. In a rectilineal triangle, equal sides lie opposite equal 
angles, and inversely. 

H. In a rectilineal triangle, a greater side lies opposite a 
greater angle. In a right-angled triangle the hypothenuse is 
greater than either of the other sides, and the two angles adja­
cent to it are acute. 

10. Rectilineal triangles are congruent if they have a side 
and two angles equal, or two sides and the included angle 
equal, or two sidp.s and the angle opposite the greater equal, or 



LOBAT~CHEWSKY. THEORY OF PARALLELS. i27 

three sides equal. 

11. A straight line which stands at right angles upon two 
other straight lines not in one plane with it, is perpendicular to 
all straight lines drawn through the common intersection point 
in the plane of those two. 

12. The intersection of a sphere with a plane is a circle. 

13. A straight line at right angles to the intersection of two 
perpendiCular planes, and in one, is perpendicular to the other. 

14. In a spherical triangle, equal sides lie opposite equal 
angles, and inversely. 

15. Spherical triangles are congruent, [or symmetrical], if 
they have two sides and the included angle equal, or a side and 
the adjacent angles equal. 

From here follow the other theorems with their explanations 
and proofs. 

16. All straight lines, which, in a plane, go out from a point, 
can with reference to a given straight line in the same plane, be 
divided into two classes, into cutting and not-cutting. 

The bounda1Y lines of the one and the other class of those 
lines will be called parallel to the given Nne. 

From the point A (Fig. 1.) let fall upon 

the line BC the perpendicular AD, to 

which again draw the perpendicular AE. 

In the right angle EAD either will all 
straight lines which go out from the point 
A meet the line DC, as for example 
AF, or some of them, like the 
perpendicular AE, will. not meet the 
line DC. In the uncertainty, whether the 
perpendicular AE is the only line which 
does not meet DC, we will assume it may 

c: 

D-----:--i~-___tD 
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be possible that there are still other lines, for example AG, which 
do not cut DC, how far so ever they may be prolonged. In passing 
over from the cutting lines, as AF, to the not-cutting lines, as AG, 
we must come upon a line AH, parallel to DC, a boundary line, 
upon one side of which all lines AG are such as do not meet 
the line DC, while upon the other side every straight line AF 

cuts the line DC. 
The angle HAD between the parallel HA and the perpen­

dicular AD is called the parallel-angle (angle of parallelism), 
which wt: will here designate by n(p) for AD = p. 

If Il (p) is a right angle, so will the prolongation AE' of the 
perpendicular AE likewise be parallel to the 'prolongation DB 
of the line DC; in addition to which we remark, that in regard 
to the four right angles, which are made at the point A by the 
perpendiculars AE and AD, and their prolongations AE' and 
AD', every straight line which goes out from the point A, eith­
er itself, or at least its prolongation, lies in one of the two fight 
angles which are turned toward Be,so that except the parallel, 
EE', all others if they are sufficiently produced both way~, 

must intersect the line Be. 
If H(p) < tr.,. then upon the other side of AD, making the 

same angle DAK = fI (p) will lie also a line AK, parallel to 
the prolongation DB of the line DC, so that under this assump­
tion we must also make a distinction of sz'des z'n parallelism. 

All remaining lines:or their prolongations, within the two 
right angles turned toward BC, pertain to those that intersect, 
if they lie within the angl~ HAK = 211 (p) between the paral­
lels; they pertain on the other ha:nd to the non-intersecting, 
AG, if they lie upon the other sides of the parallels AH and 
AK, in the opening of the two angles EAK = t 7r - l7(p), 
E' AK = t r. - {] (p ), between the parallels and EE' the per­
pendicular to AD. Upon the other side of the perpendicular 
EE' will in like mani1er the prolongations AH' and AK' of the 
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parallels AH and AK likewise be parallel to BC; the remain­
ing lines pertain, if in the angle K'AH', to the intersecting, but 
if in the angles K'AE, H'AE' to the non-intersecting. 

In accordance with thi:;, for the assumption ncp) = t 7:, 

the lines can be only intersecting or parallel; but if we assume 
that [J (p) < t7:, then we must allow two parallels, one on the 
one and one on the other side'; in addition we must distinguish 
the remaining lines into non-intersecting and intersecting. 

For both assumptions it serves as the mark of parallelism that 
the line becomes intersecting for the smallest deviation toward 
the side where lies the parallel, so that if AH is parallel to DC, 
every line AF cuts DC, how small soever the angle HAF may be. 

17. A straight li,ze maintains tlze characteristic of jJarallelism 
at all its poitIts. 

Given AB (Fig 2.) parallel to CD, to which latter AC is per-

It1§;:, 
B 

D 

FIG. 2. 

pendicular. We will consider two points taken at random on 
the line AB and its pr~duction beyond the perpendicular. 

Let the point E lie on that side of the perpendicular on 
which AB is looked upon as parallel to CD. 

Let fall from the point E a perpendicular EK on CD and 
so draw EF that it falls within the angle BEK. 

Connect the points A and F by a straight line, whose pro­
duction then (by Theorem 16) must cut CD somewhere in G. 
Thus we get a triangle ACG, into which the line EF goes; 
now since this latter, from the construction, cannot cut AC, and 
cannot cut AG or EK a second time (Theorem 2.) therefore it 
must meet CD somewhere at H (Theorem 3.) 
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Now let E' be a point on the production of AB and E'K' 
perpendiular to the production of the line CD; draw the line 
E'F' making so small an angle AE'F' that it cuts AC some­
where in F'; making the same angle with AB draw also from 
A the line AF. whose production will cut CD in G, (Theorem 16.) 

Thus we get a triangle AGC, into which g')es the production 
of the line E'F'; since now this line ca"'not cut AE a second 
time, and also cannot cut AG, since the angle BAG = BE'O', 
(Theorem 7 ) therefore must it meet CD somewhere in G'. 

Therefore from whatever points E and E' the lines EF and 
E'F' go out, and however little they may. diverge from the line 
AB, yet will they always cut CD, to which AB is parallel. 
18. Two lines are always mutually parallel. 

Let AC be a perpen­
dicular on CD to which 
AB is parallel; if we 
draw from C the line 
CE making any acute 
angle ECD with CD. 
and let fall from A the 
perpendicular AF upon 
CEo we obtain a right-

'~'--
\~ E 

',-

Q~~~----------~~------R 

Cl~------------------~K----~D 

FIG. 3. 
angled triangle ACF, in which AC, being the hypothenuse, is 
greater than the side AF, (Theorem 9.) 

Make AG = AF, and slide the figure EF AB until AF coin­
cides with AG, when AB and FE will take the position AK 
and GH, such that the angle BAK = FAC, consequently AK 
must cut the line DC somewhere in K, (Theorem (I6), thus 
forming a triangle AKC, on one side of which the perpendicu­
lar GH intersects the line AK in L, (Theorem 3), and thus de­
termines the distance AL of the intersection point of the lines 
AB and CE on the line AB from the point A. 

Hence it follows, that CE will always intersect AB, how 
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small soever may b'e the angle ECD, consequently CD is paral­
lei to AB, (Theorem 16). 
19. In a n:ctilimal triangle the Sllm of the three angles Call1lOt 

be gJ eater than two right angles. 
Suppose in the triangle E 

ABC (Figure 4.) the sum of 
the three angles is equal to 
h'+ {I.; then choose in case 
of the inequality of the sides, Ae:::::..------~ 

the smallest BC, halve it in 

D, draw from A through D the line AD and make the prolon­
gation of it, DE, equal to AD, then join the point E to the 
point C by the straight line EC. In the congruent triangles 
ADB and CDE, the angle ABD = DCE, and BAD = DEC, 
(Therems 6 and 10); whence follows that also in the triangle 
AC :": the sum of the three angles must be equal to h' -+ 11.; but 
also the smallest angle BAC (Theorem 9), of the triangle ABC 
in passing over into the new triangle ACE has been .cut up into 
the two parts EAC and AEC. Continuing this process, con­
tinually halving the side opposite the smallest angle, we must 
finally attain to a triangle in which the sum of the three angles 
is h' + fl, but wherein are two angles, each of which, in abso­
lute magnitude, is less than~',(; since now, however, the third 
angle cannot be greater than h', so must II. be either null or neg­
ative. 
20. If ilz any rectilimal triangle the Sltm of the tlwce angles 

is eqZl'~ll to two right angles, so is also tlte case for {,lIery otlter 
triangle. 

If in the rectilineal triangle ABC 

(Fig. 5.J the sum of the three angles 

=4, then must at least two of its an-

gles:.,~and,C, be acute. Let fall FIG. 5. 
fto:iiltt:4e¥ertexof the third angle B upon the opposite side 
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AC the perpendicular p. This will cut the triangle into two 
right-angled triangles, in each of which the sum of three angles 
mllst also be r::, since it cannot in either be greater than r::, and 
in their combination not less than r::. 

So we obtain a right-angled triangle with the perpendicular 
sides p and q, and from this a quadrilateral whose opposite 
sides are equal and whose adjacent sides p and q are at right 
angles (Fig. 6). 

By repetition of this quadrilateral we can make another 
with sides np and q, and finally a quadrilateral ABCD with 
sides at right angles to each other, such that AB = np, 

D 
1 'I 'I 

~ j. P 
'J 

P 1/ 
p :/ 
V B c 

FIG. 6. 

AD = mq, DC = np, BC = mq, where m and n are any 
whole numbers. Such a quadrilateral is divided by the diag­
onal DB into two congruent right angled triangles BAD and 
BCD, in each of which the sum of the three angles is = rr. 

The numbers nand m can be taken sufficiently great for the 
right-angled triangle ABC (Fig. 7.) whose perpendicular sides 
AB = np, BC = mq, to enclose within itself another given tri­
angle BDE as soon as the right angles fit each other. 

Drawing the line DC, we obtain right angled triangles of 
which every sllccessive two have a side in common. 

The triangle ABC is formed by the union of the two trian­
gles ACD and DCB, in neither of which can the sum of the 



LOBATSCHEWSKY. THEORY OF PARALLELS. I33 

angles be greater than 7[; consequently it must be equal to 7[, 

in order that the sum in the compound triangle may be equal 
to 7[. 

c 

A~----~~----~ 

In the same way the triangle BDC consists of the two tri­
angles DEC and DBE, consequently must in DBE the sum of 
the three angles be equal to 7[, and in general this must be true 
for every triangle since each can be cut into two right-angled 
triangles. 

From this it follows that only two hypotheses are allowable: 
'either is the sum of the three angles in all rectilineal triangles 
equal to 7[, or this sum is in all less than n. 
21.· From a given point we can always draw a straight line 

that shall make with a given straight title an angle as small as 
. we choose. 

Let fall from the given. point A (Fig. 8.) upon the given line 
A 

1: C 

FIG. 8. 
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BC the perpendicular AB; take upon BC, at random, the 
point D; draw the line AD; make DE = AD, and draw AE. 

In the right-angled triangle ABl) let the angle ADB = (/.; 
then must in th~ isosceles tr:angle ADE the angle AED be either 
·~l or less, I Theorems Sand 20). CO!1tinuing thus we finallyat­
tain to such an angle AEB, as is less than any given angle. 

22. If /,('0 ptrpelldiedars to tlte same straight line Il.re paral­
Iff to cadz other, thell tlze slim of tlte tlm'e aNgles ill a netilillcal 
triallgle is cqu"1 to two right angles. 

Let the lines AB and CD B 

( Fig. 9.) be parallel to each 
other and perpendicular to 
.-\c. 

Draw from A the lines 
AE and AF to the points 
E and F, which are taken 

~--------~------~F~-----D 

on the line CD at any distances FC >EC from the point C. 

Suppose in the right angled triangle ACE the sum of the 
three angles is equal to ;;:--a, in the triangle AEF equal to 
;;:-/1, then must it in triangle .-\CF equal ;:--a-?, where (l and 
if cannot be negative. 

Further, let the angle BAF = a, AFC = b, so is a -+ Ii 
=..:: a - b; now by revolving the line AF away from the perpen­
dicular AC we can make the angle a between AF and the par­
allel .-\B as small as we choose; so also can \ve lessen the angle 
b, consequently the two angles (L and ,i can have no other mag­
nitude than II. = 0 and ,1 = o. 

It follows that in all rectilineal triangles the sum of the three 
angles is either;;: and at the same time also the parallel angle 
Il (p) = -~;:- for every line p, or for all triangles this sum is < 7r 

and at the same time also Il (p) < t;:. 
The first assumption serves as foundation for the ordinary 

l[mmt'try mul plalZ<' trigolUJ11utry. 
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The second assumption can likewise be admitted without 
leading to any contradiction in the results, and founds a new 
geometric science, to which I have given the name, Ima;;in­
ary Geometry, and which I intend here to expound as far as the 
development of the equations between the sides and angles of 
the rectilineal and spherical triangle. 
23. For el1e7y giZ1e11 angle (I. 'Zoe call .find a line p, such that 

flCp) = a. 
Let AB and AC (Fig. ro.) be two straight lines which at 

the intersection-pomt A make the acute angle (J.; take at ran-' 
dam on AB a point B'; from this point drop B' A' at right an­
gles to AC ; make A' A" = Ai}.'; erect at A" the perpendicular 
A"B" ; and so continue until a perpendicular CD is attained, 

G n 

A·L-----~K~--~A~h~---------K~--~F~-*C-

FIG. 10. 

which no longer intersects AB. This must of necessity hap­
pen, for if in the triangle AA'B' the sum of all three angles is 
equal to ;;:-a, then in the triangle AB'A" it equals "-2a, in 
triangle AA"B" less than 1':-2a (Theorem 20), and so forth, 
until it finally becomes negative and thereby shows the impos­
sibility of constructing the triangle. 

The perpendicular CD maybe the very one nearer than 
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which to the point A all others cut AB ; at least in the passing 
over from those that cut to those not cutting such a perpendic­
ular FG must exist. 

Draw now frum the point F the line FH, which makes with 
FG the acute angle HFG, on that side where lies the point A. 
From any point H of the line FH let fall upon AC the perpen­
dicular HK, whose prolongation consequently must cut AB 
somewhere in B, and so makes a triangle AKB, into which the 
prolongation of the line FH enters, and therefore must meet 
the hypothenuse AB somewhere in M. Since the angle GFH 
is arbitrary, and can be taken as small as we wish, therefore FG 
is parallel to AB and AF = p (Theorems 16 and 18.) 

One easily sees, that with the lessening of p the angle a in­
creases, while, for p = 0, it approaches the value -},,; with the 
growth of p the angle II. decreases, while it continually ap­
proaches zero for p = /Xl. 

Since we are wholly at liberty to choose what angle we will 
understand by the symbol 1/( p) when the line p is expressed 
by a negative number, so we will assume 

n(p) + fie -p)=;r. 
an equation which shall hold for all values of p, positive as well 
as negative, and for p = 0. 

24. Tlzc jarther parallel lines are prolong£d 01Z the side of 
tlzeir parallelism, the more they approach one allother. 

If to the line AB (Fig. I I. ) 

two perpendiculars A C = BE 

are erectf'd, and their end-

points C and E joined by a 

Cj'T/F: 
straight line, then will the A l> B 

quadrilateral CABE have two FIG I I. 

right angles at A and B, but two acute angles at C and E 
(Theorem 22,) which are equal to one another, as we can e~Uy 
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see by thinking the quadrilateral superimposed upon itself so 
that the line BE falls upon AC and AC upon BE. 

Halve AB and erect at the mid-point D the line DF perpen­
dicular to AB. This line must also be perpendicular to CE, 
since the quadrilaterals CADF and FDBE fit one another if 
we so place one on the other that the line D F remains in the 
same positIOn. Hence the line CE cannot be parallel to AB, 
but the parallel to AB for the point C, namely CG, must incline 
toward AB (Theorem 16), and cut from the perpendicular BE 
a part BG< CA. 

Since C is a random point in the line CG, it follows that CG 
itself nears AB the more the farther it is prolonged. 

25. Two straigllt lims 'Zt'hicll are pamllel to a tlzird, are also 
parallel to ow' another. 

FIG. 12. 

We will first assume that the three lines AB, CD, EF, (Fig. 
12.) lie in one plane. If two of them in order AB and CD are 
parallel to the outmost one EF, so are AB and CD parallel to 
one another. In order to prove this, let fall from any point A 
of the outer line AB, upon the other outer line FE, the perpen­
dicular AE, which will cut the middle line CD in some point C 
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(Theorem 3), at an angle DCE< ~;-: on the side toward EF the 
parallel to CD (Theorem 22). 

A perpendicular AG let fall upon CD from the same point A, 
must fall within the opening of the acute angle ACG (Theorem 
9): every other line AH from A drawn \vithin the angle BAC, 
must cut EF, the parallel to A.B, somewhere in H, how small 
s')ever the angle BAH may be; consequently will CD in the 
triangle AEH out the line AH somewhere in K, since it is im­
possible that it should meet EF. If AH from the point A 
went out within the angle CAG, then must it cut the prolonga­
tion of CD between the points C and G in the triangle CAG. 
Hence follows, that AB and CD are parallel(Theorems r6 and 18!. 

Were both the outer lines AB and EF assumed parallel to 
the middle line CD, so would every li-e "-\}( from the point A, 
drawn within the angle BAE, cut the line CD s(;mewhere in 
the point K, how small soever the angle BAK might be. 

Upon the prolongation of AK take at random a point Land 
join it with C by the line CL, which must cut EF somewhere 
in ~I, thus making a triangle l'.'ICE. 

The prolongation of the line AL within the triangle NICE 
can cut neither AC nor CM a second time, consequently it must 
meet EF somewhere in H: therefore AB and EF are mutually 
parallel. 

-Ar-4Gr-______________ ~~H~ __ 
l B 

!....\....l------,.,L----- F 

~~--------------D 
FIG. 13. 

Let now the parallels ,;\B and CD 
planes whose intersection line is EF. 

( Fig. 13. ) lie in two 
From a random point E 
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of this latter let fall a perpendicular EA upon one o( the two 
parallels, e. g., upon AB, then from A the foot of the perpendic­
ular EA, let fall a new perpendicular AC upon the othe rparalld 
CD and join the end-points E and C of the two perpendiculars by 
the line EC. The angle BAC must be acute (Theorem 22), 

consequently a perpendicular CG from C let fall upon AB meets 
it in the point G upon that side of CA on which the lines AB 
and CD are considered as parallel. 

Every line EH [in the plane FEABJ. however little it di­
verges from EF, pertains with the line EC to a plane which 
must cut the plane of the two parallels AB and CD along some 
line C H. This latter line cuts AB somewhere, and in fact 
in the very point H which is common to all three planes, 
through which necessarily also the line EH goes; consequent­
ly EF is parallel to AB. 

In the same way we may show the parallelism of EF and 
CD. 

Therefore the hypothesis, that a line EF is parallel to one of 
two other parallels, AB and CD, is the same as considering EF 
as the intersection of two planes in which two parallels .-\B, CD, 
lie. 

Consequently two lines are parallel to one another if they 
are parallel to a third line, lhough the three be not co-planar 

The last theorem can be thus expressed:, 
TIl1 ec plaNt's iJltersect ill lines ze,hit'h art' all paralic! to t'adl 

otJur If the parallelism of tr,'o is i'rt'-slfppostd. 
26. Triangles standing oPfosi!/' to o Ill' alw/lur /ill the Sp/UN 

are equi,lflfent in smjilcc. 

By opposite triangles we here understand such as are made 
on both sides.:of the ceuter by the intersections of the sphere 
with planes; in such triangles then'fore the sides and angles 
are in contrary order. 

In the opposite triang~es ABC and A'B'C' (Fig. 14., where 
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one of them must be looked upon as represented tqrned about), 
we have the sides AB = A'B', BC = B'C, CA == CA' and the 
':orresponding angles at the points A, B, C, are likewise equal 

B' 

FIG. 14. 

b those in the other triangle at the points A f
, B', C. 

Through the three points A, B, C, suppose a plane passed 
and upon it from the center of the sphere a perpendicular drop­
ped, whose prolongations both ways cut both opposite triangles 
in the points D and D' of the sphere. The distances of the 
first D from the points ABC, in arcs of great circles on the 
sphere, must be equal (Theorem 12), as well to each other as 
also to the distances D'A', D'B', D'C, on' the other triangle 
(Theorem 6) I consequently the isosceles triangles about the 
point'> D and D' in the two spherical triangles ABC and A'B'C' 
are cnngruent. 

In order to judge of the equivalence of any two surfaces in 
general I take the following theorem as fundamental: 

Two sur/aces art' equiz!alt'llt whell t/uy arise from the 1I'latil1g 
or :uparaling 0/ equal parts, 

27. A three-sided solid angle equals the half sum of the sur­
lila llItgles lfss (l right angle. 

I n the spherical triangle ABC (Fig. 15.). where each side 
.< ;-;, designate the angles by At B, C; proioag th~ side AB so 
that a whole circle ABA'B' A is produced; tbis divides the 
sphere into two equal parts. 

In that half in which is the triangle ABC, proIoug now tbe 
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other two sides through their common intersection point C, un­
til they meet the circle in A' and B'. 

c 

C' 
FIG. IS. 

In this way the hemisphere is divided into four triangles. 
ABC, ACB', B'CN A'CB, whose size may be designated by 
P, X, Y, Z. It is evident that here P+ X=B, P + Z-A. 

The size of the spherical triangle Y equals that of the oppo­
site triangle ABC', having a side AB in common with the tri­
angle P, and whose third a~gle C' lies at the end-point of the 
diameter of the sphere which goes from C through the center 
D of the sphere (Theorem z6). Hence it follows that 
P + Y =C, and since P+ X + Y + Z=rr; therefore we have also, 

P=HAtB+C-;;-). 
We may attain to the same co.nclusion in another way, based 

solely upon the theorem abaut the equivalence of surfaces given 
above, (Theoremz6). 

In the spherical triangle ABC l! 

(Fig. 16.) halve the sides AB 
and BC, and through the mid-
points D and E draw a great cir- F G 

de; upon this let faU from A, B, 
C, the perpendiculars AF, BH, 
and: eG. If the perpendicular 
{!COm B faUsat Ii betV'i~n D and FIG. r6. 
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E, then will of the trlangles so made BDH == AFD, and BHE 
-" EGC, (Theorems 6 and !IS), whence follows that the surface 
of the triang:e -\.BC equals that of the quadrilateral AFGC 
(Theorem ~6). 

If the point H coincides with the mid­

dle point E of the side BC (Fig. 17.), 

only two eq Llal right angled triangles 

AFD and BDE are made, by whose in­

terchange the equivalence of the surfaces 
of the triangle ABC and the quadrilateral 
AFEC is establi::;hed. 

F 

~ 

D 

FIG. 17. 

B 

E 

c:: 

If, finally, the point H falls outside the triangle ABC, (Fig. 
18 J, the perpendicular CG, goes, in consequence, through the 
triangle, and so we go over from the triangle ABC to the quad-

B 

A 

FIG. 18. 

rilateral A.FGC by adding the triangle FAD = DBH, and 

then taking away the triang;e CGE = EBH. 

Supposing in the spherical quadrilateral AEGC a great circle 
passed through the points A and G, as also through F and C, 
then will their arcs between A.G and FC equal one another, 
(Theorem I':; \, con::;equently also the triangles FAC an.d ACG 
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be congruent (Theorem 15), and the angle FAC equal the an­
gle ACG. 

Hence follows, that in all the preceding cases, the sum of a1l 
three angles of the sphericaLtriangle equals the sum of the two 
equal angles in the quadrilateral which are not the right angles. 

Therefore we can, for every spherical triangle, in which the 
sum of the three angles is S, find a quadrilateral with equivalent 
surface, in which are two right angles and two equal perpen­
dicular sides, and where the two other angles are each tS. 

Let now A BCD (Fig. 19.) be the spherical quadrilateral, 
where the sides AB = DC are perpendicular to BC, and the 
angles A and D each }S. 

Br--__ 

19 
Prolong the sides AD and BC until they cut one another in 

E, and further beyond E, make DE = EF and let fall upon the 
prolongation of BC the perpendicular FG. Bisect the whole 
arc BG and join the mid-point H by great-circle-arcs with A 
and F. 

The triangles EFG and DCE are congruent (Theore-m 15), 

so FG = DC = AB. 
The triangles ABH and HGF are likewise congruent, since 

they are right angled and have equal perpendicular sides, con­
sequently AH and AF pertain to Ollt' circle, the arc AHF = ~, 

ADEF likewise = '" the angle HAD = FIFE = :\-S-BAH 
= tS-HFG =:\-S .. ~ HFE - HFG = !-S - HAD -",tS; 
con$cquently, angle HFE = t(S-,,); or what is the same, this 
equals the size of the lune AHFDA, which again is equal to 
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the quadrilateral ABCD, as we easily see if we pass over from 
the one to the other by first adding the triangle EFG and then 
BAH and thereupon taking away the triangles equal to them 
DCE and HFG. 

ThereforeH S-;:) is the size of the quadrilateral ABeD 
and at the same time also that of the spherical triangle in \vhich 

the sum of the three angles is equal to S. 
28. If tIll£(! flams CIt! each ot/ZCY ill parallel lines, thell the 

slim I:! tlze three slIifacc allgks equals tz£!O right tlllXies. 

Let A.A', BB' CC (Fig. 20.) be three parallels made by the 
intersection of planes ,.Theorem 25). Take upon them at ran­
dom three points A, B, C, and suppose through these a plane 

B'~-----r------~~~~D~ ____ B' 

0' 
FIG. 20. 

passed, which consequently will cut the planes of the parallels 
along the straight lines AB, AC, and Be. Further, pass 
through the line .-\C and any point D on the BB', another 
plane, whose intersection \\"ith the two planes of the parallels 
A.A' and BB', CC and BB' prodLlces the two lines AD and DC, 
and whose inclination to the third plane' of the parallels AA' 
and CC' \ye will designate by n'. 

The angles between the three planes in which the parallels 
lie will be designated by X, Y. Z, respectively aUhe lines AN, 
BB', CC; finally call the linear angles BDC = r7, ADC = b, 
:\DB = c. 

About A as center suppose a sphere described, upon whi.ch 
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the intersections of the straight lines AC, AD AN with it de­
termine a spherical triangle, with the sides p, q, and r. Call 
its size fl. Opposite the side q lies the angle 70, opposite r lies 
X, and consequently opposite p lies the angle 7: + 2{l-~ 7(1- X, 
(Theorem 27). 

In Eke manner CA, CD, CC' cut a sphere about the center 
C, and determining a triangle of size (1, with the angles p', q', 
r', and the angles, 'iV opposite q', Z opposite r', and consequent­
ly 7:+2/1-'l£l-'Z opposite p'. 

Finally is determined by the intersection of a sphere about 
D with the lines DA, DB, DC, a spherical triangle, \vhose sides 
are 1, m, n, and the angles opposite thenu:u+ Z- z}, ';'ClT X 2 fl, 

and Y. Consequently its size (I = }(X + Y -t Z-7:)-O:-!~ -+- U'. 

Decreasing 'ifJ lessens also the size of the triangles {I. and /1, 
so that fl.+ {j·-w can be made smaller than any given number. 

In the triangle a can likewise the sides I and m be lessened 
even to vanishing (Theorem 21), consequently the triangle (~ 

can be placed with one of its sides I or m upon a great circle 
of the sphere as often as you choose without thereby filling up 
the half of the sphere, hence ;; vanishes together with ~Lt; 

whence follows that necessarily we must ha\'e 

X + Y -+ Z-=--=;:-. 
29. iJz a rectilineal triangle, till' pl!rpt'ndiclfltll,s crutt'li at the 

mid-points of the side's dilzer do not J1Ut't, or tht')' all three wt 
Each otlzer ilt one point. 

Having pre-supposed in the triangle ABC (Fig. 21), that the 
two perpendiculars ED and DF, which are erected upon the 
sides AB and BC at their mid-points E and F, intersect in the 
point D, then draw within the angles of the triangle the lines 
DA, DB, DC. 

In the congruent triangles ADE and BDE (Theorem 'IO), 

we have AD = RD,. thus follows also that BD = CD; the tri-
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angle ADC is hence isosceles, conse­
quent!.r the perpendicular dropped from 
the vertex D upon the base i\C falls up­
all G the mid-point of the base. 

The proof remains unchanged alsL) in 

B 

the case when lhe intersection point D "f1C---'l:-_-"io. O 

of the two perpendiculars ED and FD FIG. 2 I. 

falls in the line AC itself. or falls \vithout the triangle. 
In case we therefore presuppose that two of those perpen­

diculars do not intersect, then also the third cannot meet with 
them. 

30. Th.' pl'ypl'lldiclIlaYs 'WllicJI are erected UPOll tlu sides ol a 
rt'ctilhU'al triangle at tlzeir mid-points, must all three be payallel 
/£J fach a/It!'y, so SOOll as the paralldis1!l of 11.CO of them is pn­
Slppost'd. 

I n the triangle ABC (Fig. 22.) let 
the lines DE, FG, HK. be erected 
perpendicular upon the sides at their 
mid-points] >, F, H. \Ve will in the 
first place assume that the two per­
pendiculars DE and FG are parallel, 
cutting the line AB in L and ~1, and 
that the perpendicular HK lies be­

c 

tween them. \Vithin the angle BLE draw from the point L at 
random, a straight line LG, which must cut FG somewhere in 
G, how small soever the angle of deviation GLE may be. (The­
orem 16). 

Since in the triangle LG M the perpendicular HK cannot 
meet with MG (Theorem 29). therefore it must cut LG some­
vV'here in P, whence follows. that HK is parallel to DE (Theo­
rem 16), and to ~fG (Theorems 18 and 25). 

Put in the side BC = 2a, :\C = 2b, AB = 2C, and desig~ 
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nate the angles opposite these sides by A, B, C, then i.ve have 
in the case just considered 

A = ff(b) ~- II(e) , 
B = II ( a ) - II ( c ) , 

C = fl(a)+JJ(b), 
as one may easily show with help of the lines AA', BB', ce, 
whIch are drawn from the points A, B, C, parallel to the per­
pendicular HK and consequently to both the other perpendic­
,!lars DE and FG, (Theorems 23 and 25). 

Let now the two perpendiculars HK and FG be parallel, 
then can the third DE not cut them (Theorem 29), hence is it 
either parallel to them, or it cuts AA'. 

The last assumption is not other than that the angle 
c >!l(a) + JJ(b.) 

If we lessen this angle, so that it becomes equal to ma)+ lI(b\ 
while we in that way give the line AC the new position CQ, 
(Fig. 23), and designate the size of the third side BQ by 2C', 
then must the angle CBQ at the point B, which is increased, in 
accordance with what is proved above, be equal to 

JJ (a) - 1/ ( c') > fl ( a) - [J ( c), 
whence follows c' >c (Theorem 23). 

A 

FIG. 2}. 

In the triangle ACQ are, however, the angles at A and Q 
equal, hence in the triangle ABQ must the angle at Q be 
greater than that at the point A, consequently is AB >BQ, 
(Theorem 9); that is c >c'. 
31. fiVe call boundary lilu (oricyde) fllat curve lim lying ill a 

plam for 'which all perpmdiculars ow/a/ at tilt' mid-points oj 
[ltords are parallel to each other. 
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In conformity with this definition we can represent the gen­
eration of a boundary line, if we draw to a given line AB 

FIG. 24. 
(Fig 24.) from a given point A in it, making different angles 
CAB = I/(a), chords AC = 2a; the end C of such a chord 
will lie on the boundary line, whose points we can thus gradu­
ally determine. 

The perpendicular DE erected upon the chord AC at its 
mid-point D will be parallel to the line AB, which we will call 
the A:ris (if the boundary liNe. In like manner will also each 
perpendicular FG erected at the mid-point of any chord AH, 
be parallel to AB, consequently mu~t this peculiarity also per­
tain to every perpendicular KL in general which is erected at 
the mid-point K of any chord C H, between whatever points C 
and H of the boundary lin~ this may be drawn (Theorem 30). 
Such perpendiculars must therefore likewise, without distinc· 
tion from AB. be taIled Axes of Ike bO!lndary litu. 
32. A circle with COlltimllfuly illcrellsing radius mergt'S into 

the boundarY tilte. 
Given AB (Fig. 25.) a chord of 

the boundary line; draw &ODl the 
end-points A and B of the chord .two 
axes .'\,C and BF', v,rhich cQnseqnent- ' 
Iy will make with tht chord two eqltal 
angles RAC = ABF = (I. (Th~ 
31 ). . " ~ 

Upon one of these ax~ ,.C. ta:kt, 
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anywhere the point E as center of a circle, and draw the arc 
AF from the initial point A of the axis AC to its intersection 
point F with the other axis BF'. 

The radius of the circle, FE, corresponding to the point F 
will make on the one side with the chord AF an angle AFE 
-= ?, nnd on the other side with the axis BF' the angle EFF' 
=)'. It follows that the angle between the two chords BAF 
= 11.-/f<l~ + 1'-11. (Theorem 22); whc-nce follows, I/. -,?<:-?rr. 

Since now however the angle r approaches the limit zero, as 
well in consequence of a moving of the center E in the direc­
tion AC, when F remains unchanged, (Theorem 2 I), as also 
in consequence of an approach of F to B on the axis BF, when 
the center E remains in its position (Theorem 22), so it fol­
lows, that with such a lessening of the angle )', also the angle 
(l ~·I~, or the mutual inclination of the two chords AB and AF, 
and hence also the distance of the point B on the boundary­
line from the point F on the circle, tends to vanish. 

Consequently one may also call the boundary-line a circle 
with infinitc{v great radius. 

33. Let AA' = BB' = z (Figure 26), be two lines paral-

leI toward the side from A to A', which 

parallels serve as axes for the two 

boundary arcs (arcs on two boundary 

lines) AB = s, A'B' = s', then is 

f--41 
A 

FIG. 26. 

s' = se" * 
where e is independent of the arcs s. s and of the straight 
lines .:t" the distance of the arc s' from s. 

In order to prove this, assume that the ratio of the arc s to 
s' is equal to the ratio of the two whole numbers! and m. 

Between the two axes AA', BB' draw yet a third axis ce, 
which so cuts off from the arc AB a part AC = t and from the 

• For this equation read s' = se-x 
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arc :\.'B' on the same side. a part A'e' = t. Assume the ra­
tio of t to .I' equai to that of the whole numbers p and q, so that 

1t , P 
s = -- s , t = .- S. 

11l q 

Divide now s by axes into llq equal parts, then will there be 
mq such parts on .1" and up on t. 

Hovvever there correspond to these equal parts on sand t 
likewise equal parts on s' and t', consequently we have 

t' s' 

t s 
Hence also wherever the two arcs t and t' may be taken be­

tween the two axes AA' and BB', the ratio of t to ( remains 
always the same, as long as the distance .v between them re­
mains the same. If we therefore for ;c' = I, put S = es', then 
we must have for every x 

s' = "e"X. 

Since e is an unknown number only subjected to the. condi­
tion e > 1, and further the linear unit for .1' may be taken at 
will, therefore we may, for the simplification of reckoning,. so 
choose it that by e is to be understood the base of the Napier­
ian logarithms. 

\Ve may here remark, that .1" = 0 for x = OG, hence not on­
ly does the dist'l.nce between two parallels decreas'~ (Theorem 
2_1->. but with the prolongation of the parallels toward the side 
of the parallelism this at last wholly vanishes, Paranel lines 
have therefore the character of asymptotes. 
34. BOlllldmJ' sllifaet' (orisl'llere) \ve call that surface which 

arises from the revolution of the boundary line about one of its 
axes. which, together with all other axes of the boundary-line, 
will be also an axis of the boundary-surface . 

• 1 eltOnl is inclilltd at [qua! angles to suck axes drazrm 
Illrough its cnd-j>oints, Zf,lzen'soe'z'er tlust two Old-points may be 
takol on tlu bt1lmdary-$m~fat'l'. 
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Let A, B, C, (Fig. 27.), be three points on the boundary­
surface; AA', the axis of revolution, BB' and ce two other 

FIG 27. 

, 
, B 

\ 

axes, hence AB and A.C chords to which the axes are iuclined 
at equal angles NAB = B'BA, A'AC = eCA (Theorem 31.) 

Two axe~ BB', Ce,drawn through the end-points of the 
third ch~rd 'BC, are likewise parallel and lie in one plane, 
(Theorem 25). 

A perpendicular D D' erected at the mid-point D of the 
chord AB and in the plane of the two parallels A.A', BB',.must 
be parallel to the three axes AA', BB', ce, (Theorems 23 and 
25); just such a perpendicular EE' upon the chord AC in the 
plane of the parallels AA', ce will be parallel to the three ax­
es AN, BB', ce, and the perpendicular DD'. Let now the 
angle between the plane in which the parallels AA' and BB' 
lie, and the plane of the triangle ABC be designated by flCa), 
where a may be positive, neg:ltive, or nulL If a is positive, 
then erect FD = IX within the triangle ABC, and in its plane, 
perpendicular upon the chord AB at its mid-point D. ' 
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Were a a negative number, then must FD = a be drawn 
outside the triangle on the other side of the chord AB; when 
a =0, the point F coincides with D. 

In all cases arise two congruent right-angled triangles AFD 
and DFB, consequently we ha\'e FA = FB. 

Erect now at F the line FF' perpendicular to the plane of 
the triangle ABC. 

Since the angle D'DF = fICa), and DF = a, so FF' is paral­
lel to DD' and the line EE', with which also it lies in one plane 
perpendicular to the plane of the triangle ABC. 

Suppose now in the plane of the parallels EE', FF' upon EF 
the perpendicular EK erected, then will this qe also at right 
angles to the plane of the triangle ABC, (Theorem 13), and to 
the line AE lying in this plane, Theorem I I); and consequent­
ly mllst AE, which is perpendicular to EK and EE', be alsu at 
the same time perpendicular to FE, (Theorem II). The tri­
angles AEF and FEC are congruent, since they are right-an­
gled and have the sides about the right a!lg1es equal, hence is 

AF =-:FC = FE. 
.'\., p::rpendicular from the vertex F of the isosceles triangle 

BFC let fall upon the base BC, goes through its mid-point G; 
a plane passed through this perpendicular FG and the line FF' 
must be perpendicular to the plane of the triangle ABC, and 
cuts the plane of the parallels BB', CC' along the line GG', 
which is likewise parallel to BB' and ce, (Theorem 25): since 
now CG is at right angles to FG, and hence at the same 
time also to GG', so consequently is the angle eCG = B'BG. 
(Theorem 23 ) 

Hence follows, that for the boundary-surface each of the ax­
es may be considered as axis of revolution. 

Pri?lcipal-plane we will call each plane passed through an 
axis of the boundary surface . 

. -\.ccordingly every Principal-plal/t' cuts the boundary-surface 
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in the boundary line, while for another position of the cutting 
piane this idtersection is a circle. 

Three principal planes which mutually cut each other, make 
with each other angles whose sum is ;;:, (Theorem 28). 

These angles we will consider as angles in the boundary-tri­
angle whose sides are arcs of the boundary-line, which are 
made on the boundary surface by the intersections with the 
three principal-planes. Consequently the same interdepend-

'ence of the angles and sides pertains to the boundary-triangles, 
that is proved in the ordinary geometry for the recti lineal tri­
angle. 

35. In what follows, we will designate the size of a line by 
a letter with an accent added, f. g. z', in order to i!ldicate that 
this has a relation to that of another line, which is represented 
by the same letter without accent x, which relation is given by 
the equation 

fl ( x ) + n ( x') =t;;:. 
Let now ABC (Fig. 28.) be a rectilineal right angled trian­

gle, where the hypothenuse AB = c, the other sides AC = h, 
B' 

c 
FIG. 28. 

BC = a, and the angles opposite them are 
BAC = fl( a), ABC = I1(~). 
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At the point A erect the line AA' at r:ght angles to the 
plane of the triangle ABC, and from the points "& and C draw 
BE" and CC' parallel to AA'. 

The planes in which these three parallels lie make with each 
other the angles: f7 (IJ) at AA', a right angle at CC' (Theo­
rems I I and 13), consequently fI(/l) at BB' (Theorem 28.) 

The inters~ctionsof the lines BA, BC, BB' with a sphere de­
scribed about the point B as center, determine a spherical tr-­
angle 1JZJlk, in which the sides are 1Jm = fICc), kll = IIUJ), 
m';; = IfCa) and the oppositea-glcs are I/(b), fl(r/), -?r-~ 

Then·fore we must, with the existence of a rectilineal trian­
gle whose sides are fl, b, c, and the opposite angles I/{rl) , il()), 
~;7, also admit the existence of a spherical triangle (Fig_ 29-) 
with the side !I{c), II(}), II(al and the opposite angles II(b), 
fI(r/), ~;-. 

~f3) ·0 .7lI'.9 

d .me 
~-::'T' 71i 

:0 

FIG. 29. 

Of these two triangles, however, also inversely the existence 
of the spherical triangle necessitates anew that of a rectilineal, 
which in consequence, also can have the sides a, rl,i, and the 
opposite angles [I (b') fl(c), t;7. 

Hence we may pass over from a, b. c, fl., /:1, to b, <1, c, /1, (l, 

and also to a, 1/, ;1, b', c. 

Suppose through the point A (Fig. 28.) with AA' as axis, a 
boundary-surface passed, which cuts the two other axes BB', 
ce, in B" and C", and whose intersections with the planes of 
the parallels form a boundary-triangle, whose sides are B"C" 
= P. C"A = q, Bn.-\. = r, an,d the angles opposite them /J(ll), 
flea'), ~;:', and \",here consequently (Theorem 34): 

p = rsin 17({~), q = rcos f/(fJ.)_ 
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Now break the connection of the three principal-planes along 
the line BB', and turn them out from each other so that they 
with all the lihes lying in them come to'lie in one plane, where 
consequently the arcs p, q, r will unite to a single arc of a 
boundary-line, which goes through the point A and has AN 
for axis, in su~h a manner that (Fig. 30.) on the one side will 

~------------------~ 

B' 

FIG. 30. 

lie, the arcs q and p, the side b of the triangle, which is perpen­
dicular to AA' at A, the axis CC' going from the end ofb par­
aBel to AA' and through C" the union-point of p and q, the 
side a perpendicular to CC' at the point C, and from the end­
,point of a the axis BB' parallel to A.A' which gcles through the 
end-point Bn of the arc p. 

On the other side of A.A.' will lie, the side c perpendicular to 
AA' at the point A, and the axis BB' parallel to AA', and go­
ing through the end-point B" of the arc r remote from the end­
point of b. 

The size of the Hne CC" depends upon b, which dependence 
we will express by CC" = f (b). 

In like manner we will have BB" = f(b). 
If we describe, taking CC' as axis, a new boundary line frum 



156 LOBATSCHEWSKY. THEOKY OF PARALLELS. 

the point C to its intersection D with the axis BB' and desig­
nate the arc CD by t, then is BD = f(a). 

BB"= BD+DB"= BD+CC", consequently 
f(c) f(a) +f(b). 

Moreover, we perceive, that (Theorem 32) 

t= pef(b)= r sin II(fl.) ef(b). 

If the perpendicular to the plane of the triangle ABC (Fig. 
28.) were erected at B instead of at the point A, then would 
the lines c and r remain'the same, the arcs q and t would 
change to t and q, the straight lines a and b into band Il, and 
the angle R(o.) into !I(), consequently we would have 

q = rsin lIe)~ ef(a), 

whence follows by substituting the value of q, 

cos II(rl.)=:sin /lUi) ef(a), 

and if we change 11 and 11 into b' and c, 

sin II(b)= sin II(e) e f(a); 

further, by multiplication with ef (b) 

sin J/ (b) ef (b) = sin II(e) e f (c). 

Hence follows also 

sin JI (a) e f(a) = sin ff(b) eJ (b). 

Since now, however, the straight lines a and b are independ­
ent of one another, and moreover, for b=o, fl..b')=o, /I (b) =t-'h, 
so we have for every straight line a 

Therefore, 

e - f( a ) =sin 17 ( a ) . 

sin If(c)= sin Il(a) sin If(b), 
sin R(b)= cos IT(rl.) sin lI(a). 

Hence we obtain besides by mutation of the letters 
sin 11(11.)= cos !lC'9) sin !l(b), 

cos !l(b)= cos lI(c) cos !l(rl.), 

cos 17( a) = cos II ( £") cos Il'i1). 
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If we designate in the right-angled spherical triangle (Fig. 
29) the sides !7 (c), Il ([3), Il (a), with the opposite angles 
/I(b), 11(1/), by the letters a, b, c, A, B, then the obtained 
equations take on the form of those which we know as proved 
in spherical trigonometry for the right-angled triangle, namely, 

sin a = sin c sin A, 

sin b = sin c sin B, 

cos A = cos a sin B, 

cos B = cos b, sin A, 

cos c= cos 11, .cos b; 

from which equations we can pass over to those for all spher­
ical triangles in general. 

Hence spherical trigonometry is not dependent upon whether 
m a rectilineal triangle the sum of the three angles is equai to 
two right angles or not. 

36. We will now consider anew the right-angled rectilineal 
trIangle ABC (Fig. 3 I), in which the sides are a, /I, c, and the 

opposite angles Il ( IJ.), f1 V), .~:::. 

b~!, 
.!:..:-.~b----!.C 

FIG. 31-

therefore is the angle 

Prolong the hypothenuse ( 

through the point B, and make 

BD=,~ ; at the point D erect upon 

BD the perpendicular DD', which 

consequently will be parallel to 

D BB', the prolongation of the side a 

beyond the point B. Parallel to 

DD' from the point c\ draw _-\.\', 

which is at the same time also 

parallel to CB', (Theorem 25), 
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A'AD= l1(c+/1), 

A'AC = l7(b), consequently 

neb) = Il(u.)+!l(c+/J). 
l! 

" 

If from B we layoff ,1 on the hypoth­
enuse c, then at the end point D, 
(Fig. 32), within the triangle erect 

A:.~--"::':'--+----lC upon AB the perpendicular DD', and 

FIG. 32. 

from the point A parallel to DD' draw 
AA', so will BC with its prolongation 
CC be the third parallel; then is, 
angle CAA'=ll(b), DAA'=II(c--,1), 
consequently 1/ (c - /1) = 1/ (tL) --c "( b). 
The last equation is then also still 
valid, when c=/1, or c< ,1. 

If c -= ,j (Fig. 33 1, then the perpendicular AA' erected upon 
• 

.A_-=-_..!:!--;;;~R 

K. 0' 

FIG. 33. 
AB at the point A is parallel to the side BC=a, with its 
prolongation, CC, consequently we have {f ( Il) + !7( b) =t", 
whilst also I!([-/)=t", (Theorem 23). 

If c< /1, then the end of /1 falls beyond the point A at D 
(Fig. 34) upon the prolongation of the hypothenuse AB. 
Here the perpendicular DD' erected upon AD, and the line 
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AA' parallel to it from A, will likewise be parallel to the side 

II BC=II., \vith its prolongation ce. 
Here we have the angle DAA' 

= fI C" - c), consequently 
fI( a)+ n(b)=;-:-- {fC?-c)=[I(c-,/f), 
(Theorem 23). 

The combination of the two equa­
tion--; found gives, 

b c 2{f(b)=fI(c--/l) -i- [1(c+/1), 
21!( II.)=/1(c-/9) ---fl( c-i- /9), 

whence follows 
cosfl(b) cosU 17lc-11h~ 17(c-'-)')J 
cos-T/(;) = cosU fI( c-=,1) - ~-Il( c+ 11) ] 

Substituting here the vaiue, 
(Theorem :i5) 

cos f1 (b). _ 
cosll(;;) =cosll( c), 

FIG. 34. we have 
[tan¥ll( c) J2=tanFI «(-11) tan~ II (c+ ,1). 

Since here;:; is an arbitrary number, as the angle 17(;\ at the 
one side of c may be chosen at will between the limits 0 and 
-~'" consequently /1 between the limits 0 and oc ,so we may 
deduce by taking consecutively /1 .: (, 2(, 3£:, &c., that for every 
positive number ll; [tant/ICc) ]"=tan-:-fl(llc). 

If we consider tl as the ratio of two lines x and <", and as-
sume that cot-!Jf/(c)=ec, 

then we find for every line x in gener.}l, whether it be positive 
or negative, tan}fI(x)=e-x 

where e may be aillY arbitrary number, which is greater than 
unity, since fI(.\"):=o for .\·=oc . 

Since the unit by which the lines are measured is arbitrary, 
so we may by e also understand the base of the ~apierian 

Logarithms. 
87. Of the equations found above in Theorem 35 it is suf-
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ficient to know the two following, 
sinfl(c)=sinfl(a) sinfl(b), 
sin II (a.)=sin 1/ (b) cosl/(fJ) , 

applying the latter to both the sides a and b about the right 
angle, tn order from the combination to deduce the remaining 
two of Theorem 35, without ambiguity of the algebraic sign, 
since here all angles are acute: 

In a similar manner we attain the two equations 

(1.) tan II (c) =sinlI (0.) tan II(a) , 
(2.) cosll(a)=cosll(c) cos/IVi). 

We will now consider a rectilineal triangle whose sides are 
a, b, c, (Fig. 35) and the opposite angles A, B. C. 

~c . If A and B are acute angles. then 

.A 

b' a B the perpendicular p from the vertex 
of the angle C falls within the triangle 

x n c x and cuts the side c into two p~lfts, .\. 
FIG. 35. on the side of the angle A and c·-x 

on the side of the angle B. Thus arises two right-angled tri­
angles, for which we obtain, by application of equation ( I ), 

. tan!/(a)=sinB tan!J(p). 
tanll( b)=sinA tanll(p), 

which equations remain unchanged also when one of the 
angles, e. g. B. is a right angle (Fig. 36) or an obtuse angle 
(Fig 37) . 

. ~ .d o B C H r 

FIG. 36• FIG. 37. 

Therefore we havf" universally for every triangle 
(3)· sinA tanfl(a)=sinBtanfl(b). 

For a triangle with acute angles A, B, (Fig. 35) we have 
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also (Equation 2), 
cos ff(x) =cosA c()sf1(b), 
cosfl(c - x) \ cosB cos/lla), 

which equations also relate to triangles, in which one of the 
angles A or B is a right angle or an obtuse angle. 

As example, for B=t;: (Fig. 36) we must take x=c, the 
first equation then goes over into that which we have found 
above as Equation 2, the other, however, is self-sufficing. 

For B >};: (Fig. 37) the first equation remains unchanged, 
instead of the second, however, we must write correspondingly 

cosll(.\. -c) =cos(;:--B)cos l7(a); 
but we have cos{I(:t;-c)=-cosl7(c-x) 
(Theorem 23), and also cos(1r-B)=-cosB. 

If A is a right or obtuse angle, then must c -x and z be put 
for x and C-X, in order to carry back this case upon the pre­
ceding. 

In order to eliminate .• from both equations, we notice that 
(Theorem 36) 

I -[tan~ll(c--x)J2 
cosll(c-x)=, ------------., 

Ii [tan}ll(c-x)J-

= I +e2X --It· = 

I - [tan~ II. C)J2[ cott lie ;\.) J2 
= _.1 -+ [tan~-IlC~)J'i[ cuttfl(;IP 

cos fhc)-cos Il (x) 
= I ~cos71(c)cos-l!r,:) 

If we substitute here the expression for cos fl(z), cos Ih, c - x}, 
we obtain 

cos Il ( c) = C?S (I (tl) c()~~_-~ cos!~Cf!J~~sA _ 
I +cosf1(a)cosf1(b )cosAcosB 

whence follows 
_ cosll(c)-cosA cosfl(b} 

cosll(a) cosB= ------"- --- --------­
I-cosA cosfl(b)cosf1(C) 

and finally 
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[sinD (C)]2=[ r -cosBcosll(c)cosfl(a)][ I - cosAcosfl(b)cos flCc)] 

In the same way we must also have 
(4.)' . 

[sin D( a )]2=[ I-COSCcos fl (a )cos II( b)][ 1-cosBcos fl(c)cos!l( a ) ] 

[sinll(b)]2=[ r-cosAcosfJ(b)cosmc)] [r-cosCcosIlCa)cos nCb YJ 
From these three equations we find 

[sinll( b) J2]sinfl( c) J2 [r-cosAcosfl( b )cosl7( c) y 
[sinl7( a) J2 

Hence follows without ambiguity of sign, 
.. sin Il(b)sin Il(c) 

(s·) cosAcos!l(b)cos(c)+- sinll(a}·--·-- =1. 

If we substitute here the value of sin II (c) corresp')nding to 
equation (3.) 

sinA 
sinD( c )=-:--Ctan!l( a )casfl (c) sm 

then we obtain 
cosD(a)sinC 

cos II( c)= sinAsirl"ll( b)+ cosAsin Ccos fi( a)cos7J( b); 

but by substituting this expression for COSfl(l·) in equation (4), 

(6. ) cotA sin C sin fl (.b ) + cosC=~os ~ ~ b J)_ 
cos a. 

By elimination of sinfl(b) with help of the equation (3) comes 
cosll(a) casA . . 

D(b) cosC=r - -;-:;:;;-SB mC sm!l(a). cos sm 
In the meantime the equation (6) gives by changing the letters, 

cosfl(a). . 
·cosfl(b) =cotB sinC sinfl(a} -+- cosC. 

From the last two equations follows, 
(7 ) sinB sine 

. cosA -t- cosB cosC . fl( ) sm· a 
All four equations for the interdependence of the sides a, b, 

c, and the opposite angles A, B, C, in the rectilinc::al triangle 
will therefore be, [Equations (3). (5), (6), (7),J 
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(sinA tanf/(a)=sinBtanIJ(b), 
. sinfl ( b)sinfl (c) 

cosA cosll( b )cosfl( c)+-··sin[](a) = 1, 

" cosf1(b) 
cotA SInC~sInrt(b)+cosC= c:~sfJ(a) , 

(8.) 

sinB sinC 
cosA + cosB cosC=~11 . . . 

Sin ,a) 

If the sides a, b, c of the triangle are very small, we may 
content ourselves with the approximate determinations (Theo­
rem 36) 

cotfl(a)=a, 
sin f1 (a) =1 -~1l2 

cosfl(a)=a, 

and in like manner also for the other sides band c. 
The equations 8 pass over for such triangles into the fol­

lowing, 
b sinA=a sinB, 
a2=b2+c2 - 2bc cosA, 
a sin(A+C)=b sinA, 
cosA + cos(B+ C)=o. 

Of these equations the first two are assumed in the ordinary 
. geometry; the last two lead, with help of the first, to the con-

clusion A + B+ C=rr. 
Therefore the imaginary geometry passes over into the ordi­

nary, when we suppose that the sides of a rectilineal triangle 
are very small. 

I have, in the scientific bulletins of the University of Kasan, 
published certain researches in regard to the measurement of 
curved lines, of plane figures, of the surfaces and the volumes of 
solids, as well as in relation to the application of i~aginary 
geometry to analysis. 

The equations (8.) attain for themselves already a sufficient 
• foundation for considering the assumption of imaginary geom­

etry as possible. Hence there is no means, other than astro-
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nomical observations, to use for judging of the exactitude 
which pertains to the calculations of the ordinary geometry. 

This exactitude is very far-reaching, as I have shown in one 
of my investigations, so that, for example, in triangles whose 
sides are attainable for our measurement, the sum of the three 
angles is not indeed different from two right angles by the 
hundredth part of a second. 

In addition, it is worthy of notice, that the four equations 
(8.) of plane geometry pass over into the equations for spher­
ical triangle~, if we put al ~. I,bl' - I, q' - I instead of the 
sides a, b, c; with this change however, we must also put 

. I 
sin fl(a)=---~.-· 

cos( a) , 
cosfl (a) =( V' - I )tana, 

tanfl(a) 
sma (1-1) , 

and similarly also for the sides band c. 
In this manner we pass over from equations (8) to the fol­

lowing, 
sinA sinb=sinB sina, 
cosa=cosb cose+sinb sine cosA, 
cotA smC+cosC cosb=sinb cota, 
cosA=cosa sinB sinC-cosB cose. 
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AN ELEMENTARY DEMONSTRATION OF THE EX­

PANSION OF THE SINE A)JD COSINE IN 

TERMS OF THE CIRCULAR MEASURE. 

By PROF. "V. H. ECHOLS, ROLLA, Mo. 

The rigorous deduction 0f these series and the proof of the 
possibility of the expansion seems only possible through aid of 
the calculus or the complex quantity in the shape of De 
Moivre's Theorem. Their great importance to the engineer 
and elementary student has, nevertheless, caused more elemen­
tary demonstrations to be desired. An example of sllch is 
seen in Prof. Newcomb's Trigonometry, r889. Of this class 
the following seems quite simple and direct. The method of 
deriving the coefficients, suggested by Mr. Schaeberle's Dem­
onstration of the Logarithmic Series in Annals of Mathematics, 
is not very different from that employed by Dr. W. B. Smith 
in his Clue to Trigonometry, just out of press 

I. 

'\ssume this expansion 

(I.) sin.v+cosA'~=ao-t·tZl'\·~ tZ2x3 T •••• -r allXIl ~. 

(2.) .'.- sin,'\'"i cosx=a()--aj.t'-t a2"'~- . ... ( -- )llanx" -. 

Adding and subtracting 

(3.) sinx=al,t·+aa·r -;- .... +tl2n_l.~.2t1·1 
(4.) cosx=tlO+a2,,\·2, .... +a2n_~:t.Jn-2+. 

,,\'=0 in (I) or (4) gives tZo=I. Divide (3) by x, then .\'=0 

gives tZj=I. 

Square (I) and save only the terms in .'1.""dd because of ( 3). 



r66 ECHOLS. EXPANSION OF SINE AND COSINE. 

(5.) . ·.sin2"O=2"O + 2(as+ a2),:r~+ 2( a5+ a4 + a2aS).,\,5+ .. 

(I) X (2) gives 

(6.) COS2X= I + (2a2-r )x2 + 2a4-2a3 + al)x4+ . •. 

Put 2X for .'t' in (I) and equate to the sum of (5) 
and (6). 

Thus 

sinzz + coszz--· I 

~ + 2X 
, + (2a2- 1),>;,2 

+ 2( a3 + a2)x3 

+ (2a4 - za~ + (22)x4 

==1 I 
j+2X 

i+ z2a2''\'~ 
'+ Z3a3x3 

+ 2 4a4x4 

Identifying coefficients of like powers of .'\' we have 

II. 

In forming the series of products l'apaq involved in the co­
efficients above we observe the law of their signs to be such 
that when p and q are each odd the product is negative, and 
otherwise positive. 

Assuming the law of the coefficients as found above to hold 
good to the nth term inclusive in each series; we notice, 

1° The law for the signs of the coefficients 

-' aI, - a~, T as, -a7, ... (-) ll+la2Il..1 , 

+ au, -a2, + a4, -as, ... (- )n.i-Ia2u .. Z , 

when applied to the expressions 
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aOa2n_ 2+ aja21l_B T ... + ala~n_8 T aOa2ll.~, 

is such that the sign of each is (-)ll+\ and this is therefore 
the sign of the nth term in each series. 

2° In finding the numerical value of the coefficient of the 
lith term in either series we need only consider the expression 

111=1) ,. 
;;;-=0 m!\1Z-m)! 

Therefore the coefficient Ilr in either series is determined by 

11 .. =-, r. 
The nth terms of the series are 

;y2n--l .\'~1l-1 

(-,ll ··1____ and( _ in-Cj-'---;t 
i 271-1)! .. (211-2)' 

I II 

We are to prove that the law of the coefficients assumed to 
the nth term inclusive IS also true for the (Il- I )th term. 

In the series for the sine we have for the coefficient of the 
(n + I) th term 

I 
.'. a211~I=( _)n'-J (2ll";-i)! 

In like manner, in the cosine series. 
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1ll=2n .... 1 
z2Ua2n=2a2n(--)U+l'::: ama211~1ll , 

lll=l 

1 . 
\ .·.a2n=(-)n+1 (2n)! 

The law of the series being proved to the third term, it is 
true for the fourth and all succeeding terms; since it sat­
isfies the test of convergency the first assumption was jus­
tifiable. 

Thus, if the series be possible, we have 
,t'2n+1 

sin,t'=x- ... ( - )n+LC_ .. + .... -.)-I··· + 
2n I . 

.\:'2n-~ 

COSX=I- ... (_)U+l -(_ ... _-.)-, +. 
2n-2 . 
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THE TWO-TERM PRISMOIDAL FORMULA. 

By DR. GEORGE BRl'CE HALSTED, U:-OIVERSITY OF TEXAS. 

I 

Prof. Echols begins an interesting article on the Volume of 
the Prismoid as follows: " In estimating the volume of earth­
work in the construction of lines of communication, a partic­
ular solid has occurred so frequently that engineers have given 
it a specific name; the Prismoid. Whether the word was used 
to designate a definite geometrical solid prior to its adoption 
by engineers for that purpose, I have been unable . to discover. 
The solid has been an extremely interesting one to engineers, 
and much has been written by them upon the subject of its 
volume." Is it not surprising, then, that they have not found 
out what the world has possessed for more than a decade-a 
Two-Term Prismoidal Formula? 

The word Prismoid is a good, old, mathematical term, and 
has always had and kept, and I hope may always keep, the 
meaning recognized, for example, by Charles Hutton in his 
Mathematical Dictionary, the new edition of which was pub­
lished in Lonqon in 18 I 5. There, under the word, you read 
as follows: "Prismoid ... Its ends are any dissimilar parallel 
plane figures (If the same number of sides; the upright sides 
being trapezoids. If the ends of the prismoid be bounded by 
dissimilar curves, it is sometimes called a cylindroid." This 
meaning the word maintained down to my own college days at 
Princeton, where I 'remember it in the text-books of Loomis, 
3.l3>d'stili maintains, see for example the word Mensuration, in 
tbe~edition of theEncyclo~ia. Britannica. 
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But the formula called by the name of this solid, and hence­
forth to be called the old or three-term Prismoidal formula, 
went far beyond the prismoid in its ex"act applicability. 

Newton (Methodus Differentialis, published r 7 r r; further 
carried out by Cotes, on Newton's Meth. Dif. in the works col­
lected posthumously, 1722) showed how an area or volume 
could be evaluated approximately from parallel cross-sections, 
and especially that from three cross-sections, following at the 
same distance apart, we get approximately the enclosed seg­
ment if we add the outer sections to four times the mid section 
and multipiy the sum by a sixth of the di~tance between the 

outer sections. 
Maclaurin (1742, Fluxions, No. 848) referring both tn 

Newton and Cotes, made additions which indicate that thIs 
special rule of Newton's, the: Old Prismoidal Formula, gives 
the content exactly when every section parallel to the base is a 
function of its distance from it of a degree not higher than the 
third, (II (.\") =llo + Ill.\' + Jl~.\'~+ 1/3.\·3. 

After a century of applications to areas and volumes, in r842 
Steiner conquered it by elementary geometry and indicated its 
applicability to warped or ruled surfaces. 

But, in seeming ignorance of all this, American engineers 
began and continue. to give their time to doing over again 
what had been already done. 

In his Field-Book, Edition 1854, Henck says. "A prismoie! 
is a solid having two parallel faces, and composed of prisms, 
wedges and pyramids, whose common altitude is the perpen­
dicular distance between the parallel faces." This is ambigu­
ous and stupid. It defines nothing. The old prismoid may 
be cut up into prisms, wedges, and pyramids, but this is not at 
all its essence, and, to me, does not even definitely suggest the 
more general solid for which in 188 I I introduced to English 
readers the word Prismatoid, now adopted by the Ericyclop~dia 
Britannica, which solid is defined by Prof. Echols as "having 
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two parallel plane polygons for bases, and whose side surface 
is made up of plane faces (triangles or quadrilaterals) formed 
by joining corresponding corners of the bases. Using coy­
respond£lZg corners to denote any two corners, one of each 
base, such that the straight line joining them is an {d/{e of the" 
prismatoid. 

I think this definition by': Prof. Echols is faulty, because it 
directs you to join corresponding corners, when inreality there 
are no. corresponding corners, as his second sentence discloses 
in telling you that corresponding corners denote such as you 
have made corresponding corners by joining corresponding 
corners. 

I venture to suggest as better my own definition given more 
than ten years ago, and appearing in four successive editions 
of my Mensuration (Ginn & Co.) and four successive editions 
of my Geometry (Wiley & Sons), as follows: 

A Prismatoid is a pa(vllcdrall <diose bases are all.l' twa pO~l'­
gallS ill parallel plant's, aud 7(,hose latn'al farts m'e triallglts 

determined by so Jo/ning the 11t'rtices of these bases tlz'It eaclt la!­
era! edge, with tlzt Iretl'ding, forms a tl'iLl1l/{lt with lIllt' side l:f 

e itllt'l' base. 
Yet the mis-named prismoidal formula corresponded in 

range neither with the prismoid, nor the prismatoid, nor their 
limiting form, the cylindroid. Maclaurin had indicated exactly 
its applicability. Yet, in [857, fifteen years after Steiner, Gil­
lespie reaped honor from merely showing that the formula is 
applicable to the space covered by the hyperbolic-paraboloid. 

In 1858 Chauncey Wright in the Mathematical Monthly 
(Cambridge, Mass.,) in a special investigation devoted to the 
subject, obtained by the Differential Calculus (which was not 
at all llf'cessary) the cubic equation of applicability, but mi;:sed 

Weddle's beautiful rule. 
Prof. E. W. Hyde, in 1876, in an article entitled Limits nfthc 

Prismoidal Formula, did not even get as far as his predecessors. 
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In an extended,memoir on the Prismoidal Formula, in Van 
Nostrand's Magazine r879, J. W. Davis, again by the differen 
tial calculus, reaches the cubic criterion. 

At that date my own Mensuration was already written, and 
I was teaching it regularly to my classes. In it the applica­
bility of the old or three-term prismoidal formula was exhaust­
ively treated and without the calculus. For readers of the 

" calculus the following may be given as a paraphrase of the 
method quoted by Prof. Echols from Todhunter Int. CaL, p. 
173, of showing that this formula applies exactly to all solids 
whose cross-sections are cubic functions of the section-height. 

IfAx=w(.\·)=JlO+711.\'-l-n2x~ + Jl3X;\ 

then (1)(0) +4(1)( ta)+w(a)=1l1l 
+ "Flo T 2a711+a"Jl~ +- ~-a31l1l 

+ 7lo aN) -t- a 2 Jl2+ a 3 113 

=6110 T 3tllll + 2a2112+ 1,;hza. 
Thus D=ffa[Bl+4M+B2J=~a[w(o) -r-4w Oa) +w(a)] 

= "ta[61lo -+ 3aJlj -+ 2a2112 +~a'1!lHJ=aJlo.Lta2711 + 1a3Jl2 +{ a 4tla. 
But by the calculus this IS the exact volume of the solid,' 

since it is = fa(tJ(.\"). 
• 0 

This investigation is faulty and does not fix the criterion of 
applicability, since it says nothing to show that the conditions 
are satisfied only by functions which have no fourth or higher 
powers. This is proved in my Menstration without the cal­
culus. For readers of the calculus the following method may 
be of interest. 

Measuring .\' on a line normal to which the sections are made, 
let Ax=(r)(.\·) be the area of the section a1: the distance x from 
the origin. Let three sections be made through any solid at 
the distance (x~h), the distance .'\', and the distance (~'+h) 
from the origin. Then w(x-h), w(.,,), w(x+ h) will be the 
areas of these sections, and the old Prismoidal Formula, for 
the volume between the bases w(x-h) and (t)(x+h) gives 
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the w(.v-h) + 4(1)(x)+w(.v+h) J. 
But the volume is the integral of the differential solid w\:>,:)d.?l.' 

between the limits x- hand A'+ h. 

J::>(X)d.?l.'= Jw(x+h)dx -/w(,V-h)d.?l." 

If the function co fulfills the co~ditions of the Prismoidal 
Formula, we have, by equating the two expressions for the 
volume, 

J (I) (,,\'+ h )dx - J w( z-}z)d,,·=th[w(x-Il) + 4w(,,') + we"~, + Ill]. 

To find what form of w will satisfy the equation, develop 
both its members by Taylor's Theorem. 

The first member becomes (A) 
h2 hH f [III ( x) + (I)' (.?I.' )h+ (I)" (x) ..... -+w"'(x)---:;-+ etc.Jd.\" 

• 2 2,X ..) 

f . , "h2 '" . Iza 
- [(I)(X)-II) (,'\')Iz + (I) (z) '-'-0) (x)- +etc.]d.\· 

• 2 2.3 

(' h3 =.' [2w'(."\')hd.t'+2(1/"(X) 2:3dx + etc.] 

" fz3 "11' h~ . 
=2m(x)h-r-Io (x) -- AI} (x)--+etc. 

. 3 3·4·5 
The second member becomes (B) 

h2 

the (v(x)-w'(z)h ..... o/' (x )2-etc. -'-4u;( x)·cw(.\")+,IJ'(,\·)hcm"(x)h2·, etc.] 

=fh[6w( .v)+ tJ/' (z)h~+ ",''''( x) !!.4 -:- etc. 
3·4 

;r Jt5 
=2(1)( .\') h + w" (x) 3-iW''''(.\,) 36 + etc. 

Comparing the last members of (A.) and (B), we find the 
equation, 

;r Il 
2(1) (.,,)h + (U"(X)3 ""I" W''''(,a')60 + etc.= 

Jtl hG 
=2w(.'\·)h+ m"(x)- + t,,""{x)-6..j.. etc. 

3 3 
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Therefore the old Prismoidal Formula applies exactly to all 
solids contained between two parallel planes, of which the area 
of any section parallel to these planes can be expressed by a 
rational integral algebraic function, of a degree not higher than 
the third, of its distance from either of these bounding planes 
or bases. And in general it applies universally to no other 
solids. 

Thus the cubic Ax=.;nu + llP: + n2.\,2 + 1l3.\·~ 
expresses the law of variation in magnitude of the plane gen-
eratrix of prismoidal spaces. • 

But our prismatoid needs only a quadratic. This is readily 
proved. Any prismatoid may be divided into tetrahedra, all 
of the same altitude as the prismatoid;some having their apex 
ill- the upper base of the prismatoid, and for base a portion of 
its lower base; some having base in the upper, and apex in the 
lower base of the prismatoid; and others having for a pair of 
opposite edges a sect in the plane of each base of the prisma­
toid. A section Ax of a tetrahedron in the first position equals 

(a-x)2BJ. 
- -- "-_ .. , 

. . x 2B2 • 
For the second positIon Ax=--.,---­

a-

For the third position Ax=r.:(a.t'-.,\,2'l, 

(see Halsted's Geometry, page 250. 

Thus in any prismatoid any cross-section is only a quadratic 
function of its distance from either base. Therefore in em­
ploying for its volume the' old three-term formula, we have 
been using a bear-trap to catch a mouse. 

For all solids whose- section is a function of degree not 
higher than the second, or 

Ax=w ( x) =no + njX + 1l2.\,2. 

the volume is rsw(.\') =1Jua+ ~1Z1a2 + in2a3. 
• 0 
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Measuring x from one base Bl , we have 
Ao=Bl=t10. 

Then Aa=B2=Bl+1Z1a+n2a2• 

We see at once -that any cross-section whatever, if known in 
addition to the altitude and bases, will give us the volume. 

Suppose we know the section at liz the height of the solid 
above Bl , then we have for determining 111 and n2 the two 
equations 

a a2 

As = Bl + 11C+<.Zl12 2' z z Z 

B2--=-Bl + IlIa + lZ2a2• 

2A -.) )B B z a -{Z--I 1- 2, 

Hence 1l]= "(z-"':1)-';---

ZB2+z(z-r)Bl-z2A •. 
n~)= .~, _." -" .. --' .. _-_ ... -.-"-~ --.' ---~-
. (z- I)a2 

Thus for the volume of the solid we have 

V=6(:_I)[ (2z-3)B2-(Z-I )(z-3)BI+ zlA~ 
Stretching two hands at us from this, we see a two-term 

prismoidal formula. 
For z=3. this gives 

V=ta(B2+ 3A!). 
a 

Again, for 2Z=3. 

V=ta(Bd-3A2 1. 
i a 

Hence, to find the volume of a prismatoid, or of any solid 
whose section gives a quadratic: 

Mult£ply one-fourth z'ts altitude ~y the' sum of 01te base and 
th1u times a cross-section at two-thirds tlu altitude fnmz that 
base. 

D-Ja(B+ 3T). 
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I I 

The rule to find the volume of a prismoid, a prismatoid, or 
any solid whose section is expressable as a quadratic. 

Multiply o1Ze-fourtlz its altitude by the sum of one base and 
till ee ti7Jle~ a cross-section at !'ivD-thirds the altitude from that 

base. 
Proved without the calculus in my Mensuration, where the 

formula is written 

V=-}a(B2+ 3AIl,). 
~ 

and also 

V =~a( Bl + 3A~). 
~ 

Proved synthetically in my Geometry, where the formula is 

written 
D=±a(B+3T ), 

is in my estimation incomparably simpler than every other; 
but if we are willing to make and use an auxiliary solid, we 
may by its help express otherwise in two terms our prismoidal 
volume. 

The already-mentioned article by Prof. Echols gives prom­
inence to a three term formula using such an auxiliary, "which 
the writer first heard enunciated by Prof.W. M. Thornton, of 
the University of Virginia, about ten years ago, but which he 
has never seen in print." 

It was published about a decade ago in my Mensuration in 
the following form: T\vice the volume of the segment of a 
ruled surface between parallel planes is equivalent to the sum 
of the cylinders on its bases, diminished by the cone whose 
vertex is in one of .the parallel planes, and whose elements are 
respectively parallel to the lines of the ruled surface. 

This theorem is nearly a hundred years old, as also the name 
"associate cone" for the cone it defines and uses, and the des­
ignation "cylindroid" for such a segment. This with analogous 
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cubatures was given in 1806 by Meier Hirsh, well known by 
his table of integrals. It was geometrically obtained and so 
interpreted by Koppe in 1838 (CreIle's Journal, 18 p. 275). 
It afterwards appeared in his "Neuer Lehrsatz der Stereo­
metrie," Essen, 1843. (Compare Grunerts Archiv, 9 p. 82). 
We may build a demonstration of it synthetically on the sim­
pler proposition given by Tinseau in 1780 and re-stated in the 

D Mensuration as follows: A. 
solid is b'JUnded by the tri­
angles ABC, CBD, the par-

"'" allelogram ACDE, and the 
--------::.. Tskew quadrilateral BAED, 

whose elements are parailel 
to the plane BCD. Find its 
volume. Answerta. ABC. 
For on completing the prism 
with the parallel edges CD, 

""-------~~---.:::~lIAE, BF, the elements of the 

FIG. skew quadrilateral appear as 

diagonals of parallelograms, as PQRS, in which the prism is 

cut by planes parallel to BCDF ; hence the hyperbolic parabo­

loid halves the prism of height a and base ABC. Similarly we 

see that a tetrahedron is bisected by the hyperbolic paraboloid 
whose directrices are two opposite edges, and whose plane 
directer is parallel to another pair of opposite edges, a theorem 
first given by Mobius on page 238 of his celebrated "Barycen­
trische Calcul," Leipzig, 1827, in the following form: "Con­
struct on the surface of a hyperbolic paraboloid a rectilineal 
quadrilateral, then will the pyramid whose summits are the 
vertices of the quadrilateral be halved by the surface." The 
next step may be thus individualized: A solid is bounded by 
a parallelogram, two skew quadrilaterals, and two parallel tri­
angles; find its volume. Answer, -}a( 61 + 62). Let ABC. 
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DEF be the triangles, ACDE the C, CBFD, BAEF the skew 
quadrilaterals. Complete the prism 
whose parallel edges are CD, AE, 
GF, altitude a, then from what pre­
cedes, the required volume is 

ta.ABG+~a.BCG~laCAG+&aDEF 
1 (,\ ' /' ) =:ra. WI T ~2 • 

This empowers us to deal with a 
solid bounded by two parallel tri-

A angles and three skew quadrilat-
B erals, and introduces the formula 

FIG. 39. V=a.[-HB"+B')-tBc]' 
But every cylindroid or prismatoid is made up of finite or 

indefinitely small solids like this. "This then is the rational 
formula for computing the volume of any cylindroid or" prisma­
toid, (Prof. Echols). But a great simplification of this into a 
real two-term prismoidal formula has long been known. 

Prof. Echols gets by the calculus, the mid section 

M=t(B"+B')-tBc, 

a result obtained geometrically by Steiner in 1842. 
Substitute this and 

V=a(M+-11:l-B,,), 
the first two-term prismoidalformula, having been given by 
Koppe in his work already cited. 

That a cylindroid (11' prism ato id equals the cylinder or prism 
dll its mid-sectiOlt pillS olze-j"ourth the associate COllt or pyramid, 
should certainly be known to every engineer, for, as Prof. 
Echols suggests in our 'correspondence since his article, per­
haps this two-term formula may involve less numerical work 
than even its more elegant: younger sister 

D=ta(B+ 3T). 
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COpy MULTIPLICATION TABLE, 

By MR. LEn \V. :vrEECH, NORWICH, CON~. 

ILLUSTR-\TIONS-The nature and use of this Copy Table 
may be first shown by comparing its results with the process 
by common arithmetic. Thus in Example 1, the two tabular 
results copied at locations OT and 7A, when read obliquely 
upward give 21, 07, 28,35, 63, 14, which are the common 
product of each figure of the multiplicand by the multiplier 7, 
and their sum 2,202,I44 is the total. product. 

Again in E-.:ample 2, the line copied from location 7A gives 
the unit figures only of the common product by 7 precisely as 
before. The next line copied from 8T gives the sum of tens 
in the product by 7 added to the units of the common product 
by 8, that is 20236 I added to 482026; this sum is 684387 as 
given by the Copy Table. And the next line copied from OZ 
gives the tens figures only of the common product by 8. The 
total sum 27369504 is evidently th<> true product sought. 

So in Example 3, the figures copied from locations 7A and 
8T are identically the same as before. The next line copied 
from 4Z is the similar sum of tens in the product by 8 added 
to units in the common product by 4, that is 20347 I added to 
2460<58, of which the tabular sum is 4494< I) 39. It is import­
ant here, audin other similar instances, to note in illustration 
only, that when the sum of two such digits is 10 or more, as 
here 7+6 is (I )3, by the peculiar construction of the Copy 
T~ble, the (I) is carried to the next line below, and so included. 
Thus this i 1) is here inclu<iw by the tabular routine, in the 
~ast;Ji~ft:<l;f~ON, giving !<;H24-0, instead of IOI230, the simple 
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tens in the product by 4. The sum of the regular tabular 
elements gives the true product 153206304. 

E:vample 1. Example 2. 

314592 :.<°7 
-I 78534-7.A 

202361 OT 
.-.----~----

2202I44 lac. 

E.mmple 3. 

314592X0487 
178534 7A 

684387 8T 
448439 4Z 

101240 ON 
-15 3206304 loco 

31.4.592 , 08 7 
178 5347~'\ 

684387 8T 
203471 OZ 
27369504 loco 

Example 4. 

31459 2 >:"3+87 
178534 --7.4:--

684387 8T 
+49439 4Z 

033716 3N 
101130 O.J 
1096982304 loco 

USE OF THE TABLE: Prefix a cypher to the multiplier, 
which will then indicate the number of locations of the left 
pointer. At each location we copy as many figures in the 
product as there are digits in the Multiplicand: and their sum 
gives the true product. Thus in Example 2, the right-hand 
figure of the Multiplier being 7, we locate (First entry) the left 
pointer at 7A, or the junction of 7 at the side with A. at the 
top of the upper left portion of the Table. Looking up to the 
nearest heavy line above, we find just under it, 3 I the two left 
digits of the Multiplicand, and directly under those are I and 
7 to be copied in the product with the right hand, while the 
left pointer stays at the location. Next, under 4 5 from the 
Multiplicand are 8 5 at the pointer to be copied in the product. 
Then under 9 2 from the Multiplicand are ".3 4 at the pointer to 
be copied in the product, which completes the six figures. NO\v 

T being on the right of the first location, and 8 the next left 
figure of the Multiplier, let the pointer be moved to thl;' suond 
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locatioll ST, or 8 at the side and T above. Here just under 
the next heavy line above find as before 3 I from the Multipli­
cand under which at the pointer are 6 8 to be copied with the 
right hand in the product, beginning one place further to the 
left. Next 45 and 9 2 from the Multiplicand give successively 
on the line of the pointer, + 3 and 8 7 for the product. Lastly, 
with 0 from the l\Iultiplier, and Z from the right of the poin.ter, 
move to the third locatiolZ OZ, and proceed with the Multipli­
cand, as before, and as if the left column headed or 2345 were 
united to column Z. And thus the simple mode of copying 
shown in the wrought Examples is entirely general, however 
large may be the two factors to be multiplied. 

It may be proper to state that the present Copy Table is 
condensed from the full Table inserted 011 pages 62, 63 of the 
"System and Tables of Life Insurance," or Experience of the 
Thirty American Offices. Besides illustrating how "the carry­
ing figure" of the schools can be replaced by 'a simple routine, 
this Table has opened the way for another improved Copy 
Table, a volume now in preparation. 



WILI.IAMS. ON THE TRANSIT OF MERCURY. 183 

THE TRANSIT OF MERCURY ACROSS THE SUN'S 

DISK ON MAY 9th, 1891. 

By :vrR. H. C. Wn.LIAMS. COLU~IBIA, ~rO. 

The mathematics used in computing the phases of a transit 
of a minor planet across the sun's disk is of so abstruse a char­
acter that to the ordinary mind the solution is enveloped in 
deepest myst6ry, but a method has been devised whereby any­
one with a know1.edge of the principles of elementary astron­
omy, geometry and plane trigonometry cannot fail to under­
stand how the solution of this important problem is reached. 

For an illustration of this method we have taken the transit 
of Mercury, which takes place on May 9th. 1891. The follow­
ing data, which were taken from the American Ephemeris, are 
aU,~t is required in the computation of its phases. 
DeeU-aticn of the Sun at Conjunction. + 17- 32' I,3" 
D~ijsQ:tion of Mercury at Conjunction -[- 17' 18' 1.6" 

The right ascension of the Sun and Mercury at 
Conjunction 311 6 111 57.16< 

Hourly lnotion of the Sl,U1 in right ascension -[- 2' 26.22" 

Hourly motiQn 0,' ~ercury in right ascenswn- I' 18.49" 
HourIymot;on of the Sun in declination + 0' 39-54" 
Hourly m&tion of Mercury in declination --I' 6.61" 
Sun's eqttatorial horizontal parallax 8.75' 
Mef'Cl.ilry·~equatQrial horizontal parallax 15.84" 

Slln·"~.~.~i1lm~ter 15' 52.3" 
Met:c~$$~kllametef' 6.0" 
T)f!f~~.is dnwn after the method of projecting lunar 

eC}ip$¢s~m ~lllis' Practical A!$tronomy. FrQm C as a 
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center with a radius equal tl) I5' 52.3", the semi diameter of 
the Sun, describe a circle ANBS which represents the disk of 
tht: Sun; through the center draw the line AB parallel to the 
equator, and the line NS perpendicular to AB;these are lines 

N 

E 

FIG. 40. 

of right ascension and declination. The hourly motion of the 
Sun being eastward and that of Mercury being westward, the 
true hourly motion of Mercury relative to the Sun would be 
the sum of these motions, or 22 j..71", and reducing this to 
motion in an arc of a great circle by multiplying by the cosine 
of the mean of the declinations of the Sun and Mercury we 
have 214.5H". Now from C layoff PC equal to 214-5+4" or 
this motion i..., seconds of are, and also OC on line NS equal to 
Ic6.2I", the motion in declination, :1nd PO would he the re­
sultant of the two motions in the direction of the planet's path 
across the disk of the Sun. Now at the time of conjunctio n 
the difference of declination of the two bodies would be this 
distance of the p:1th from the center of the Sun, then layoff 
CG equal to 8+0.2", then draw the line EF through G parallel 
to PO. This will be the path of Mercury as seen from the 
center of the earth with a telescope that does not invert. Then 
will Il, fl, f/', ti" be the positions of Mercury at first, second, 
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third and fourth contacts. Draw lines Ca, Crl, Cr/', Ca"', 
and let fall a perpendicular from C to line EF. Then from the 
triangles thus formed, times of contact and the positions of the 
planet on the Sun with respect to the point N may be readily 
calculated by the methods of geometry and plane trigonometry. 

In the right-angled triangle OCP we have given CP equal to 
21 4.544" and CO equal to I06.21", and from the proportion, 

CO : R :: CP : tan COP, 
we find angle COP equal to 63° 39' 44.04" and CPO equal to 
26° 20' 15.96". Then by the "Law of Sines" we obtain OP 
equal to 239.394". In the triangles OCP and CDG angle POC 
equals angle CGD, and angle OPC equals angle DCG, being 
angles of similar triangles. Geometry, theorem 12. From 
the proportion, 

CG : CD :: R : cos DCG 
we find DC equal to 752.982", and from the" Law of Sines" 
DG equals 372.764". In triangle aDC we have given CI/. the 
semidiameter of the Sun plus that of Mercury equal to 15' 58.3" 
and DC equal to 752.982". Then from the proportion 

rl.C : R :: DC : sin DaC 
we find D,I.C equal to 5 I' 47' 24.09', and by a similar propor­
tion we find DII. equal to 592.75 Iff, then the line I1G equals aD 
plus DG, or 592.75r" plus 372.764" equals 965.515", and this 
divided by the houdy motion PO gives 411 1 m 59.365", which 
is the time required for the planet to travel from a to G, and 
this subtracted from the time of conjunction, ISh 5tU 22.224", 
which is foul\d by interpolation of differences, gives IIh 5 Sill 
22.859' Greenwich time, (there is perhaps a slight error in 
this owing to the imperfection of the tables) which reduced to 
Central time would be 5h 55)'l' 22.859', the time of first contact 
as seen from the center of the: earth. The time of second con­
,tact is computed in a similar manner from the triangle 11', DC, 
r/C, being IS' 52.3" mmus 6.0", and found to be 6 11 0 111 18.059". 
The times of third and fourth contacts are not calculated, not 
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being visible at this place, but may be computed in the same 
manner. Now to an observer in north latitude the planet would 
appear to pass across the Sun's disk lower down than to an 
observer at the center of the earth owing to the parallax and 
from methods of computing parallax Loomis' Practical Ast· 
Arts. 2 [0 and 2 r r. we find the true time of first and second 
contacts for Columbia to be 

5h 54111 0.0' and 5h 58 ,11 55.29'. 
The next problem is to find the distances from the points of 

contact to N, which are the angles a.CN and ,lCN. which are 
the supplements of the angles (lCG and ,lCG. These supple­
ments uncorrected for parallax equal 

I r 5 28' 40" and [r6 24' 42". 

The first is useful in showing where to look for first contact. 

SUPPLEMENTARY NOTK-The above results being computed 
for the latitude and longitude of Columbia. which is not very 
far from the geographical center of the State, are practically 
correct for all places in Missouri. The planet will not be visible 
to the naked eye. but may be seen with a small telescope. and 
should be looked for at ten minute.s before six o'clock p. m .• 
(railroad time) on the upper left hand limb of the Sun. The 
observed times of the contacts will agree with the computed 
times within one or two minutes, when the observations are 
accurate and the correct time used. I shall be glad to receive 
here at the observatory the' results of any observations that 
may be made of this transit. Accurate daily time signals are 
received at the telegraph offices and railway depots throughout 
the State. MILTON UPDEGRAFF. 
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NOTE ON STADIA MEASURING. 

By PROF. W. H. ECHOLS, ROLLA, Mo. 

Let the stadia rod be, say, ten feet long and graduated in 
such a manner that one division corresponds to a distance of 
one foot from the external focus of the objective, as is usually' 
the case. Let the graduations be numbered from the top 
down, and let a permanent target be set at that reading which 
represents the distance of the external focus of the objective 
from the center of the instmment. and in sighting on the 
telemeter always bring the top stadia wire on this target, then, if 
the line of sight be horizontal, the reading R of the bottom stadia 
wire is the distance in feet from the cmter of the iJlstrU1ltmt. 

In order to obtain the horizontal distance from the rod to the 
instrument whe!1 the line of sight is inclined to the horizon at 
an angle Ii, let t'he projecting sight rays of the upper and lower 
stadias make angles ILl and fl2 with the line of sight of the in­
strument. Let the distances from the center of the instrument 
to the top and bottom stadia projections on the rod be i'l and 
/'2 respectively. Then, if the rod beheld vertical, and moved 
in the plane of the instrument so as to always give the same 
stadia reading R, we have from the figure, 

R R 
111= . ( . ) COS(H+fL2); /12' (. '.~ ) cos( Ii + tLI), 

I sm. al + (1.2 sm (~l T fI.~ 

so tha.t these points of the rod describe vertical circles passing 
through the instrument I, and whose horizontal diameter is R 
(the difference from R being altogether too small to be consid­
ered under any circumstances, being only tR versine 2a; the 
eotan (J being zoo, and the maximum value of R, say 1000, 
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makes this difference amount to only about one-fortieth of a foot). 
In the figure then the readiilg on the vertical rod R for in­

clined llne of sight f!, 
must be corrected by 
NM in order to give the 
true horizontal distance 
H of the rod from the 
instrument. 

~=-_....L_-= ___ ....;:..,---..:!:!...p---tl}l. NM= "}R versine 211, 

= Rsin2fl' 

FIG. 4I . Which is the regular or-
dinary reduction formula. The value of this correction has 
been otherwise determined by the writer in the following 
simple manner. 

Set a pointer sight on the rod so as to make with the upper 
part of the rod the angle 90°+ al (or a little more). 

After the instrument man has read the vertical rod R, let 
the rodman swing the rod forward and give a reading, by means 
of his pointer, on the rod normal to the sight line of the upper 
stadia, call this reading r, then we have 

r 
versine tI =[" 

where L is the length of the telememeter 111 graduations, say 
1000, (owing to the fact that the top target is set a little below 
the zero of the rod, it is best to have a separate speaking scale 
for r, which is never more than a few tenths). Hence the cor-

{ 
7' 

dH=Rsin2H=R 2 L -rection is (1'J~} lC . 
In all ordinary work the second term in the brace may be 

neglected and the correction written 

2rR rR 
dH= -- -=----. 

L 500 

Thus a rather useful reduction field formula is 
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rR 
H=R--, 

500 

or if 100 graduations correspond to one foot of rod, then 

H=R-trR', 

and the correction may be made mentally. 
A good working rule is "the correction is one foot for each 

unit in rat 500' away, and in proportion for other distances." 
ThE" precision of the correction is the same as that of the dis­
tance ob~ervation, since an error of one rod division in reading 
r gives one foot error in the correction for mean distance of 
500', and the same error in reading R gives the same error of 
one foot in the distance H. 

FIG. 42. 

The above way of working up the stadia measures. shows a 
rather interesting way of making a graphical reduction table 
which has the property of proportionality and at the same time 
permits the taking out of both the reduced horizontal and ver­
tical distances at ~ne reading of the pointer. The cut explains 
itself. The circles correspond to R readings and to distances, 
the rays to (ingular elevations; the V and H coordinates of any 
point determined by.R and II give the desired distances. Only 
.angl~ up to 20° ~e really needed and the vertical scale may 
he magnifie<i at win by orth~gonaUy projecting the circles into 

. eI~~ .. Soc13,3~l€,)lowever, is really not so useful as those 



190 ECHOLS. NOTE ON STADIA MEASURING. 

based on the straight line graphical multiplication table, as 
shown in Mr. Baker's little work on surveying and elsewhere. 

After correcting for the horizontal distance as above, one 
would naturally inquire for the corresponding correction for the 
vertical distance. The station is L feet below the top of the 
rod which is V feet above I and V is the geometric mean of 
the horizontal dIstance and its correction. We therefore be­
come involved in the extraction of a root for finding V, which 
destroys the usefulness of any formula so derived. 

Prof. Johnson in an interesting paper to Engi1ZCt'1'i1tg News 
calls attention to the Porro te1escI'pe. in which, by the intro­
duction of an additional lens, the stadia reading is made pro­
portional to the distance from the center of the instrument 
instead of from the external focus of the objective. It is very 
doubtful that these telescopes will be constructed, for the intro­
duction of an additional lens diminishes the definition by loss of 
light, etc., and the precision of the instrument is mainly de 
pendent on this very property of the telescope, while the diffi­
culty(?) of adding the instrumental constant may be otherwise 
obviated by targeting the rod as directed above. 

This property of M. Porro's telescope was really secondary 
to that feature in it by which the rod-reading was rendered 
constant for all positions in the same vertical. Thus the instru­
ment read the horizontal distance at once from a vertical rod. 
This was also effected by the introduction of an additional lens, 
which was so connected to the objective that the distance be­
tween their foci was made to vary (by a very simple arrange­
ment) directly as the cosine of the inclination of the line of 
sight. See the Report of the U. S. Commissioners, Paris 
Universal Exposition, 1867. This construction M. Porro calls 
stellallatie, and when combined with the additional feature of 
referring distances to the center of the instrument he called the 
complete instrument the anallatic telescope. 

A rather interesting formula for the vertical measure V o'a}" 
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be gotten from the first figure, thus, we get easily 
{I Mcot al-N COt(J2 

tan R' 

where M and N are the number of rod divisions between the 
horizontal wire and the upper and lower wire respectively 
(M + N=R). If, as is usually the case, cotal=cota2=200, 
then we have for the V measure, 

V=H tanO, 

( RiM-N 
= R- 2~_ J 200 -R -, 

r 
=200(M-N)-400(M-N) L' 

For low values af 0 the second term on the right is inappre­
ciable, but unfortunately for application, M - N is at the same 
time so small that it cannot be measured with sufficient accur­
acy to give proper results. 

For low values of 0, put circular measure for tan 8, then 
V=4~oH8°. 

From these two values of V we find if 8=100 and H=480' 
then M - N is only 1±.lo, about, of a rod division. 

The last formula is simple enough for an ordinary field­
working value of V, and when many reductions are to be made 
as in mapping, etc., the graphical tables are best. 



HISTORICAL NOTE. 

ON "A NEW ELEMENTARY DEMONSTRATION OF 

THE PYTHAGOREAN PROPOSITION". 

By DR, ARTEMAS MARTIN, WASHINGTON, D. C. 

The method of proof given on page 61, No.2, of SCIENTIiE 
BACCALAUREUS by Dr. Smith is ?lot new. It has been published 
in many places and ascribed to various authors. 

The demonstration in question was given in the Sclzool Vis­
z'tor, Vol. 2, NO.4, April, 188 I, p. 56, by William Hoover, then 
Superintendent of Schools, Wapakoneta, 0., now Professor of 
Mathematics and Astronomy, Ohio University, as " adapted 
from the Frmch ofDlllseme." 

On page 159 of No. 5. Vol. I, of the Matlzematical M(JJ1~hly, 
published February, 1859. this method of proof was given by 
Rev. A. D. Wheeler, of Brunswick, Me., without any reference. 

In the same journal, Vol. 2, No.2, October; 1859. pp. 45-52, 
Prof. John M. Richardson, Collegiate Institute. Boudon, Ga., 
gives a coIlect:on of twenty-eight demonstrations of this cele­
brated Theorem, among which, on p. 47, is the one under con­
sideration, ascribed to Young. He mention.; the collections of 
Camerer and Hoffmann; the former containing seventeen dem­
onstrations and the latter, published in 18 I 9, thirt.:v-thret. 

Prof. Saradaranjan Ray of India gives the same demonstra­
tion on pp. 93-4 of Vol I of his Geometry, and adds the fol­
lowing interesting historical note; "This proof is due to the 
Persian Astronomer Nasiruddin, who flourished in the 13th 
century under Jenghis Khan.". 
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SOLUTIONS OF EXERCISES. 

4. 
The angles of depression of two towns, T and T', It miles 

apart, are observed from a balloon and found to be arc-cot a 

and arc-cot a', respectively; the balloon moves in a line whose 
azimuth with respect to the line joining the two towns is arc­
cos (); upon arriving at a point known to be 1n miles (horizon­
tally) from the first point of observation the angles of depres 

. sion of T and T' are now observed to be arc-cot b and arc-cot b' 
respectively. What was the height of the balloon at each 
station? [Geo. R. Dean.] 

SOLUTION. 

The figure is that of a quadrilateral whose sides are ha, ha', 
h'.b, llb' (if h and It' be the respective heights of the balloon, 
whose diagonals are m and n making the angle arc-cos tJ with 
each other. 

Let the diagonals 11 and m divide each other into two seg-
_ots .Y, y and z, 11 respectively. Then 

(1). ."f+y=n ; (2). Z+U=112. 
(3)" ll~It'"_x2 +Z2-2xzll, 

(4). lz2a' 2 )'2+ zl+ 21z8, 
(5)" Il~b2=::/}' + 712 + 2XUtJ, 

(6). h'2b'2=.')'2+zP':'-'2yuH" 

Divide (3) by (4) and (5) by (6) putting for brevity a2/a'2=,/I, 
b"'/b'2_p'; then 

(7). tJ(v 2 +Z2 +2yz8) =x" +Z2-2xzH, 

. (S}. t/0'2 + u 2-zyu8)=x2 + u2 \,2XUtJ. 
~.~y!orM in (7) and (8}"also put m-z for $I in (8), 

;fli~n:~e$e equations. become 
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(9). (p- I )(y2 + Z2 + 2yzH)=n2 - 2ny- 21lZtJ, 

(ra). (p' -I) (y2 +Z2+ 2yzH)=1l 2 + m 2 -t 2J1Z1te~/,'iJZ2 
+ 2(,iI'mH-mH-n)y 
+ 2 (.O'1JZ - nH--1Jl )z. 

Eliminating y2 + Z2 + 2yztl from these equations we get 

(I I). Ay+ Bz=C. 
where A, Band C are known. 

In like manner put 1l-.z for y and 7Jl- It for z in (7) and 
(8) , whence result 

(12). (,0- I )(x 2 + U 2+2U.t·H)=m 2 -,fI1n 2_,li lZ 2 -2,IJJ1Znfl 

+ 2 (,omtl + ,oll-mtJ).,· 

+ 2(pnf/~/im-1}l)21. 
(-13). (.1i'-I)(.,\·2+ U 2 + 2U,"(,H)=-/(n 2 -2n.t·-21ZHzt) 

Eliminating x 2 -'- u 2 + 211J1.'H from these two equations we get 
(14). n,,-+Eu=G. 

where D, E and G are known. 

The four linear equations (I), (2), (II) and (14) solve the 
problem, since the values of .'\', y, 11 and z as determined from 
them in the usual manner, when substituted in (3) and (5) give 
It and h'. 

In particular, take (4) from (3) and (6) from (5) an-d add 
the results, whence 

h 2(a:!-a'2) + Iz'2(b 2 -b'2)=21lZJlH. 

This gives the solution of the exercise as required in the text 
(Snowball's Trigonometry) where Iz=It'. [w. H. Echols.] 

7. 
On the sides of a triangle T, equilateral triangles are described, 

all outwards or all inwards. We thus get two new triangles 
T 1, T 2• Show that 

(I) -11+..12=5-1, where ..1, ..11, ..12 are the areas. 
[Frank Morley.] 

SOLUTION. 

If the mid-points of the sides of T be joined we get another 
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triangle T' whose area is one-fourth that of T. 
The straight line passing through a vertex of each triangle 

T 1, T2 and Tl is bisected by the vertex of T. If the ends of 
this straight line describe the sides of Tl and T2 in the same 
time moving uniformly, its mid-point describes a corresponding 
side of T. Hence we have by a well known theorem, f01" the 
relation between the areas of T I • T2 and T, 

J'=tJ =t(.::11 + J 2)-tQ. 
.. Li1+.d2=t(.d+ 52). 

Where SJ is the area of the figure described by a straight line, 
one end fixed, moving in a plane so as to always be equal in 
length and parallel in direction to the moving straight line 
above mentioned. 

Let ha, h)), IZe be the altitudes of the equilateral triangles on 
the sides of T. Then the figure fJ is easily seen to be com­
posed of three triangles whose areas are 

zhaltb sinC, zhr/zc sinA, 2/t,:ha sinB. 
Where A .. Band C are the angles of T. 

But ha=av 3, etc. 
Hence 52=6(ab sinC+bc sinAt ac sinB)=9J 
Wherefore J 1+J2=SJ. [FranA' Bolles.] 

8. 
In the Cassinian r rl=h2 the angle bet\veen the central radius 

and one focal radius is equal to that between the other focal 
radius and the normal. [Frank Alorlq.] 

SOLUTION I. 

Transforming to rectangular axes through the center we get 
for the equation to the oval 

x4+ f+ 2x2y2-za2x2 + za2y 2=K4_a 2. 

( I ). The equat,ion to the normal is 
y X2+y2 + a 2 

)'-y'=-- -, -,--,,--., (.:\.-:\/) 
Jr: .'\c'- +y --a-

v 
( 2). Equation to one focal radius v-v'=- -=--- (x-x') • - a- .t' 
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Equation to central radius y-y' ~(",,-.1/) 
. , Y I 

Equation to the other focal radlUs y-y =;+~(x-.\,) 

y ,\'2 +)'2 + a2 y_ 
~ -.~.)- -'-;---')--"--

.\' x- + y--a- a--.'\c 
Angle between (r) and (2) is arc-tan----------

. y.\,2+ y 2+ a 2 y 
r ' - --------- --- ----- --

_ T X .,\,2+y 2_ a 2 a-."( 

)' ';1' 
x a -t .\' 

Angle between (3) and (4) is arc-tan _ 

I + -Y }' 
a+ .\' x 

These angles are equal 
are identical. 

since the expressions for their tans 
[Ceo. R. Dean, T. U TaJ'lor.] 

SOLUTION I I. 

By the construction, due I believe to Tschirnhausen, for 
drawing the normal to any curve when its vectorial equation 

f (rI, 1"2 ••• rn)=o 
is given, from the point on the curve layoff rl along 7', and r 

along r], and join the ends of these lines'; the normal bisects 
this joining line. Hence from a figure the truth of the propo­
sition. [TYm. P. Holman] 

10. 
A roo foot steel tape is longer than standard, so that at a 

certain temperature the tape measures a horizontal chord of 
100 standard feet under a pull of r6 pounds supported at its 
ends. Find the pull that \viiI give 40, 50 and in general 
D( < roo) standard foot horizontal chords, at same temper­
ature, when the tape is supported at each end of tl~e 40, 50, D 
foot graduations. [W. O. lVhites{'ar'ller.] 

SOLUTION. 

Let Lo be the true length of the (roo') tape of false length 
L feet, which subtends a chord of L true feet, under pull P. 
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Let Lo' be the true length of L' feet of the tape subtending 
the chord of L' standard feet, under pull P'. 

Let e be the error of the tape, so that 

1..o=L-te. 
Then the error being uniformly distributed along the tape 

1..0, L' L' 
= +Le . 

e 
Then Lo L+e L(I+L ) L 

Lo,=~,+ ~'e - L'(I+~) =L'. 

The relation between the true length of the tape, the chord, 
the pull and its weight W, is 

(I ). 

Lo' [W'] 2 (L' W) 2 (2). Also L' = I+:t-4 P' =I+-li L P' 

Where W'=~' W is the weight of the portion of tape used. 

Dividing (I) by (2) 
. . (W) 2 

Lo L' 24+ l'P 
i:;,L= (L' WJ 2 

24+ LP' 

or L W W 
LV=P 

L' 
P'=:cP' 

[A; J. S,tewall, George Herdmall and olht·rs.] 

11. 
A partid-e is set·tree at the highest point of a smooth sphere 

which stand& _~~ri%ontalplane. The particle slightly dis­
turbed begin$ .~.~ ill a certain direction. Where does it 
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meet the plane and what is the duration of motion? 
[EhnoG. Harris.] 

SOLUTION. 

The particle will describe the arc of a vertical great circle if 
acted on by no other force than gravity, Its velocity at any 
point on the sphere is 1/ zgh where It is the vertical descent. 

Let Ii be the angle which the radius to the particle makes 
with the vertical through the 'sphere center, then the duration 
of motion on the sphere is (since the particle leaves the sphere 
at a point where tI=arc-cos i), (l being sphere radius. 

arc-cos l 
-fda ds-a'r dH 
t- OV2f{Jt =t ~i~ "sintr 

I 

_I la 1· 1 2 -2\i og tan '4 arc-cos 3' 

At this point as origin refer the particle after leaving the 
sphere to vertical and horizontal axes of coordinates whose 
plane through the center of the sphere is that of the trajectory, 
The coordinates of the particle's position at t' seconds after 
leaving the sphere is determined by 

x=Vt' sinH, 

= 11~2.agt' . 
)1= V t' cosH + tgt'2 

=·iJ agt' + 'kt'2. 
Where t' determined from 

'2 8 '_lOa, t + gat -'-3-'" . g 

gives the duration of motion to the horizontal plane, and when 
substituted in x and J' above determines the point where it 
strikes the plane. [T. U. Taylor.] 

12. 
A smooth tube bent to the shape of a semi-ellipse is fixed in 

a vertical plane, its major axis horizontal, its semi-minor axis 
upward. A heavy flexible string passing through the ,tube and 
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hanging at rest is cut at one end of the tube. What is the 
velocity of the string as it leaves the tube? [w. H. Echols.] 

SOLUTION. 

Let /'- equal weight of unit length of string; P be any posi­
tion of the end of string which starts from A'. 

Let s equal arc A'P; I length of string hanging vertically 
when P is at A'; l' variable length l+s at any position of P; 
F accelerating force at any position of P. 

Then F=111' + 11. ds sinH=,I1l' + I/. • ds 2, j ,g IV d 
, , 0 '0 ds 

=,/1 (l' -+ y ) =p (l + s + y). 

-!;:m v 2 = f"Fds, v 2 =2pJS (l+s+y)ds. 
• 0 11Z 

(S equals length of tube.) ...:.-2£: {IS+tS2 +j"Syds } 
mil' 

In the equation to the ellipse let y equal b cos I{'. 

Then ds=al 1-;2 sin 2~ tilf. 

j 'Syds=2ab [1 {I-!2Sin 2,,) } tcosu:d<.C, 
0.... .. 0 ' T • j 
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14. 
Given on the ground a circular curve of known radius inter­

secting a given straight line at a given point and given angle; 
it is required to unite the two by another circular curve of 
given radius in such a manner as to have a common tangent of 
length t between the curves. [Iv' H. Eclzols.] 

SOLUTION. 

Let D be the distance between the centers. 
t be the length of given tangent. 
£L the angle of intersection. 
R, 7" radii of the curves. 
T distance of vert~x of a from the P.T. 

Then D2=(R+r-)2+t2=(T+r sinfJ.)2+ (R-7" cosa? 

Whence T=r sina { ±,I I + t~ -+- Z~.t:( ,r:- cos f/.) - 1 }. 
rl sm2a 

The central angle of ~he R curve is ({- lJf where 

t T+ R sinf/. 
tan 1p'=R + r ; sing: = D 

If t=o, we have solution of Exercise 13, 

T=r sina { ± '\./ I + ~_l3:_(I ±-~~~) _ I 
~ r sina . 

and for the central angle fI, 

, II T + R sin a . 
sIn fI R I ,r 
[Geo R. Dean. Also solved by T. 

15. 

I 

U. Taylor.] 

fCa2-xl)arc-cos ( a _ 
~ ZJ/ a2-z2 ) d.\". [w. H. Echols.] 

SOLUTION. 

Integrating by parts 

.r (a 2 -x2 )arc-cos fL / a .. lJdx 
21' a 2 -x2 
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EXERCISES. 

21. 
A horizontal beam, span a, resting on two support~ at ends 

is loaded so that the load per running foot varies as the square 
of the distance from one support. Find the tangent to the 
elastica at each end of the beam and the maximum deflection 
and that at the center. [T. U. Ta)llor.] 

22. 
A horizontal beam, span a, resting on two supports at its 

ends has the shape of a right circular cone whose axis is hori­
zontal. Find the central deflection. [T. U. Taylor.] 

23. 

II dx dy :1 

( I ~~i-~ .\,2 +- ),:! ) .) 
[G. H. Hat,·?"!I.] 

24. 
In any triangle the rhombi on a and b with angle Care 

together equal to the rhombus on c with altitude in the same 
ratio to c as that of the diagonals of the rhombi on a and b. 

[H~ H EellOls.] 
25. 

Let 0 be the orthocenter of the triangle ABC and D, E and 
F feet of the perpendiculars from A. Band C on the opposite 
sides respectively. Show that the areas of the triangles BOD, 
COE, AOF are together equal to the areas of DOC, OEA and 
FOB taken together. [w. H. Eeltols.] 

26. 
An elastic ring is gently placed on a smooth vertical cone of 

revolution. Find the position of equilibrium and the lowest 
position of descent. Also determine the time of vibration. 

27. 
[W H. EellOls.] 

In any quadrilateral the sum of the squares on the lines join­
ing the mid-points of the sides is equal to the squares on the­
diagonals. [Sallie Millard.] 
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